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ADELIC AHLFORS-BERS THEORY
J.M. BURGOS AND A. VERJOVSKY
Abstract. The universal arithmetic one dimensional solenoid S1
Q
is the Pon-
tryagin dual of the additive rationals Q and it is isomorphic to the ade`le class
group AQ/Q. It is also isomorphic to the algebraic universal covering on the
unit circle S1 obtained by the inverse limit of the tower of its finite coverings.
It is the boundary of the surface lamination with boundary obtained as the
algebraic universal covering of the punctured closed disk ∆ − {0} ⊂ C. The
interior of this lamination is the inverse limit of the tower of finite coverings of
the open punctured disk ∆−{0}. The latter is a Riemann surface lamination
denoted HQ and it is foliated by densely embedded copies of the hyperbolic
plane H. The boundary of the leaves are densely embedded copies of R in S1
Q
.
In this framework the pair (S1
Q
,HQ) is the adelic version of the pair (R,H).
The stage is set to develop the adelic theory of Beltrami differentials, Ahlfors-
Bers theory, quasi-symmetric homeomorphisms of S1
Q
and Teichmu¨ller theory.
This paper is a first step towards this goal in parallel with the work by Dennis
Sullivan on the universal Teichmu¨ller spaces of Riemann surface laminations.
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1. Introduction
Since its creation by Claude Chevalley and Andre´ Weil the ring of ade`les of the
rationals AQ = R ×
∏
p
′
Qp has played a fundamental role in number theory, for
instance in class field theory [RV], [Ta] and the Langlands program. The canonical
diagonal inclusion i : Q → AQ embeds Q as a discrete cocompact subgroup of
AQ which we identify with Q. The quotient AQ/Q is the ade`le class group with
its additive structure is a compact abelian group and its Pontryagin dual is the
additive group of the rationals (Q,+) with the discrete topology. There is another
description of AQ/Q as the inverse limit of all finite coverings pn(z) = z
n (z ∈
S1, n ∈ Z) of the circle S1. This is a one dimensional solenoidal compact abelian
group in the sense of Pontryagin. It is a sort of “diffuse circle” (a lamination, a
current or a foliated cycle in the sense of Sullivan [Su2]) and in fact we denote this
group as
S1Q = Q
∨ = Pontryagin dual of Q
to convey the idea that it is a generalization of a circle. This solenoid is a lamination
with dense leaves which are embedded copies of the real line. If we consider S1Q ×
[0,∞) one obtains a 2-dimensional lamination with boundary S1Q whose leaves are
densely embedded copies of the closed upper half plane H. The interior HQ =
S1Q×(0,∞) is a two dimensional Riemann surface lamination with hyperbolic dense
leaves isometric to the upper half-plane with the Poincare´ metric. The metric is
given explicitly by ds2 = dx
2+dt2
t2 where dx is the natural flat metric on the one
dimensional solenoid S1Q. The laminated space HQ is the adelic hyperbolic upper
half-plane. This lamination can also be obtained as the inverse limit of the the
coverings of the closed unit disk ∆− {0}, pn(z) = zn, |z| ≤ 1, n ∈ Z. The interior
of this lamination is the inverse limit of the tower of coverings of the punctured open
unit disk ∆∗ = ∆ − {0}. Another important locally compact abelian group is the
inverse limit of the tower of coverings of C∗, the algebraic solenoid C∗Q. As a group
it is isomorphic to S1Q ×R• where R• = {t ∈ R : t > 0} is the multiplicative group
of the positive reals. We endow C∗Q with its Haar measure η. The 2-dimensional
solenoid C∗Q is a Riemann surface lamination foliated by densely embedded copies
of C. The leaves are the orbits of a free and holomorphic action of C.
The corresponding notions of the operators ∂z and ∂z¯ and the notion of quasicon-
formal mappings can be introduced in C∗Q. Given µ ∈ L∞(C∗Q, η) with ||µ||∞ < 1
one can define the Beltrami equation:
(1) fz¯ = µfz
Now we have the perfect setting to study the Ahlfors-Bers theory and the cor-
responding Teichmu¨ller theory. This is the main subject of this paper.
A necessary condition for the existence of a quasiconformal solution to the equa-
tion (1) is that µ should be transversal equicontinuous : Consider the canonical
left action m : Zˆ → Aut(C∗Q) such that m(a) is left product by a. We say that
µ ∈ L∞(C∗Q) is transversal equicontinuous if the map Zˆ → L∞(C∗Q) such that
ADELIC AHLFORS-BERS THEORY 3
(a 7→ µ ◦ m(a)) is continuous. For almost every fiber Fz = π−11 (z) (z ∈ C∗),
the restriction µz of a transversal equicontinuous µ to Fz can be represented by a
continuous function from Zˆ→ C; i.e. every transversally equicontinuous is transver-
sally continuous. The function of representatives z 7→ µz defined over almost every
complex z is not necessarily continuous, actually it could be quite bizarre. This
transversal equicontinuity condition is indeed necessary: if there exists a quasi-
conformal solution fµ : CˆQ → CˆQ of equation (1), in particular it is uniformly
equicontinuous along the fibers for CˆQ is compact and so must be µ. Here CˆQ
denotes the adelic Riemann sphere: It is the inverse limit of the branched coverings
projective system {Cˆ, pn,m}n,m≥1,n|m where pn,m(z) = zm/n and Cˆ is the Riemann
sphere.
However, this condition is not sufficient to ensure the existence of quasiconformal
solutions. An example is given in section 4, example 4.1.
Among these Beltrami differentials, we have the transversally locally constant1
ones: We say µ ∈ TLC is a transversally locally constant (TLC) Beltrami differ-
ential if there is some natural n and some Beltrami differential µn ∈ L∞(C)1 such
that µ = π∗n(µn). The importance of TLC Beltami differentials is that they triv-
ially have a quasiconformal solution of their respective Beltrami equation: Consider
the periodic adelic Beltrami differential µ = π∗n(µn) and the quasiconformal solu-
tion fn to the µn-Beltrami equation fixing 0, 1,∞. Define the leaf and orientation
preserving homeomorphism f such that:
CˆQ
f //
πn

CˆQ
πn

Cˆ
fn // Cˆ
Then, f is the quasiconformal solution to the µ-Beltrami equation (1).
At this point, it is natural to ask for a topology T such that the interior of the
closure of these TLC Beltrami differentials constitute new Beltrami differentials for
which there exist quasiconformal solutions of their respective Beltrami equations;
i.e.:
Bel(CQ) = Interior (TLC
T
)
The first natural guess would be the metric topology T∞ but this doesn’t work
since:
Interior (TLC
∞
) = LTC∞ (C
∗
Q)1
where the superscript denotes the subspace of transversally continuous differentials.
As we said before this is not a sufficient condition.
We find a family of complete metric topologies TS solving this problem. This is
the main result of the paper. However, the optimality of these solutions remains an
open problem. We would like to have sufficient and necessary conditions as well.
Compact solenoidal laminations by Riemann surfaces (solenoidal surfaces) ap-
pear in various branches of mathematics. For instance, following an original idea of
Dennis Sullivan [Su], in the paper [BNS] it is constructed the universal Teichmu¨ller
space of the solenoidal surface Σ obtained by taking the inverse limit of all finite
pointed covers of a compact surface of genus greater than one and chosen base
1This is equivalent to the definition given by Sullivan in [Su].
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point. The sequence of the chosen base points upstairs in the covers determine a
point and a distinguished leaf L in the inverse limit solenoidal surface. In this space,
the commensurability automorphism group of the fundamental group of any higher
genus compact surface acts by isometries. By definition, this group is independent
of the genus.
The space of hyperbolic structures up to isometry preserving the distinguished
leaf on this solenoidal surface Σ is non Hausdorff and any Hausdorff quotient is a
point.
The proof of this result relies on the recent deep results due to Jeremy Kahn
and Vladimir Markovic´ on the validity of the Ehrenpreis Conjecture [KM]. The
remark by Sullivan is that the action of the commensurability automorphism group
of the fundamental group is not only by isometries but also minimal. This action
is described in the paper in [BNS] mentioned before.
Concerning Dynamical systems theory, D. Sullivan [Su] studies the linking be-
tween universalities of Milnor-Thurston, Feigenbaum’s (quantitative) and Ahlfors-
Bers. As he points out, S12 ×S1 (his second example) is the basic solenoidal surface
required in the dynamical theory of Feigenbaum’s Universality [Fe]. Here S12 is the
2-adic solenoid. This work was continued, for instance, in the use of 3-dimensional
hyperbolic laminations by Misha Lyubich and Yair Minsky in [LM]. Another impor-
tant application of solenoidal surfaces follows from the fact that they parametrize
tessellation spaces [Gh].
We hope that the theory of adelic Beltrami differentials developed in this work
shed some new light on these universalities.
In this paper we also describe different equivalent Teichmu¨ller models. This is a
straightforward generalization of the classical models. The relation with Sullivan’s
work is the following: There is a canonical continuous injective map:
TS(1) →֒ TSullivan(∆∗∞)
between the Teichmu¨ller spaces.
2. Adelic solenoid
2.1. Adelic solenoid. In what follows we will identify the group U(1) with the
unit circle S1 = {z ∈ C : |z| = 1} and the finite cyclic group Z/nZ with the group
of nth roots of unity in S1.
By covering space theory, for any integer n ≥ 1, it is defined the unbranched
covering space of degree n, pn : S
1 → S1 given by z 7−→ zn. If n,m ∈ Z+ and n
dividesm, then there exists a covering map pn,m : S
1 → S1 such that pn◦pn,m = pm
where pn,m(z) = z
m/n. We also denote with the same letters the restriction of pn
and pn,m to the n
th roots of unity. In particular we have the relation:
pn,m ◦ pm,l = pn,l
This determines a projective system of covering spaces {S1, pn,m}n,m≥1,n|m whose
projective limit is the universal one–dimensional solenoid or adelic solenoid
S1Q := limpn←−
S1.
Thus S1Q consists of sequences (zn)n∈N, z∈S1 which are compatible with pn i.e.
pn,m(zm) = zn if n divides m.
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The canonical projections of the inverse limit are the functions S1Q
πn→ S1 defined
by πn
(
(zj)j∈N
)
= zn. Each πn is an epimorphism. In particular each πn is a
character which determines a locally trivial Zˆ–bundle structure where the group
Zˆ := lim
pn←−
Z/mZ
is the profinite completion of Z, which is a compact, perfect and totally disconnected
Abelian topological group homeomorphic to the Cantor set. Being Zˆ the profinite
completion of Z, it admits a canonical inclusion of Z ⊂ Zˆ whose image is dense.
We have an inclusion Zˆ
φ→ S1Q and a short exact sequence 0→ Zˆ
φ→ S1Q π1→ S1 → 1.
The solenoid S1Q can also be realized as the orbit space of the Q–bundle structure
Q →֒ A → A/Q, where A is the ade`le group of the rational numbers which is a
locally compact Abelian group, Q is a discrete subgroup of A and A/Q ∼= S1Q is
a compact Abelian group (see [RV]). From this perspective, A/Q can be seen as
a projective limit whose n–th component corresponds to the unique covering of
degree n ≥ 1 of S1Q. The solenoid S1Q is also called the algebraic universal covering
space of the circle S1. The Grothendieck Galois group of the covering is Zˆ, the
algebraic fundamental group of S1Q.
By considering the properly discontinuously free action of Z on Zˆ× R given by
n · (x, t) = (x+ n, t− n), (n ∈ Z, x ∈ Zˆ, t ∈ R)
The solenoid S1Q is identified with the orbit space Zˆ×ZR. Here, Z is acting on R by
covering transformations and on Zˆ by translations. The path–connected component
of the identity element 1 ∈ S1Q is called the baseleaf [?] and will be denoted by RBL.
Clearly, RBL is the image of {0}×R under the canonical projection exp : Zˆ×R→ S1Q
defined below and it is a densely embedded copy of R.
Hence S1Q is a compact, connected, Abelian topological group and also a one-
dimensional lamination where each “leaf” is a simply connected one-dimensional
manifold, homeomorphic to the universal covering space R of S1, and a typical
“transversal” is isomorphic to the Cantor group Zˆ. The solenoid S1Q also has a
leafwise C∞ Riemannian metric (i.e., C∞ along the leaves) which renders each leaf
isometric to the real line with its standard metric dx. So, it makes sense to speak of
a rigid translation along the leaves. The leaves also have a natural order equivalent
to the order of the real line hence also an orientation.
Summarizing the above discussion we have the commutative diagram:
S1Q = limS
1 // . . . S1
pm,n // S1 // . . . S1
Zˆ = limZ/nZ
?
φ
OO
// . . .Z/nZ
?
l 7→e2piil/n
OO
pm,n // Z/mZ
?
l 7→e2piil/m
OO
// . . . {0}?

0 7→1
OO
where Zˆ is the adelic profinite completion of the integers and the image of the
group monomorphism φ : (Zˆ,+) → (S1Q, ·) is the principal fiber. We notice that
πn(x) = πn(y) implies πn(y
−1x) = 1 and therefore y−1x = φ(a) where a ∈ nZˆ for
some n ∈ Z ⊂ Zˆ.
Lemma 2.1. The following is a short exact sequence:
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0 // Zˆ
φ // S1Q
π1 // S1 // 1
and we have the commutative diagram:
0 // Zˆ
φ // S1Q
π1 // S1 // 1
0 // nZˆ
?
OO
φ // S1Q
πn //
=
OO
S1 //
pn
OO
1
Proof:
• By definition the following diagram commutes:
S1Q
π1 // S1
Zˆ
?
φ
OO
// {0}?

0 7→1
OO
In particular π1 ◦φ = 1 and Im(φ) ⊂ Ker(π1). Suppose that π1(x) = 1.
Then
x = (. . . , an, . . . , am, . . . 1) = (. . . , e
2πibn/n, . . . , e2πibm/m, . . . 1) = φ(y)
such that y = (. . . , bn, . . . , bm, . . . 0). We have proved that Ker(π1) ⊂
Im(φ). Because π1 is an epimorphism and φ is a monomorphism we have
the first item.
• For the second item, the second exact sequence follows exactly from the
same arguments as the first. Because π1 = z
n ◦ πn, we have the right
commutative square. The left square is trivial (diagram chasing).

We define the principal baseleaf as the image of the monomorphism ν : R→ S1Q
defined as follows:
S1Q = limS
1 // . . . S1
pm,n // S1 // . . . S1
R
?
ν
OO
= // . . .R
t 7→eit/n
OO
= // R
t 7→eit/m
OO
= // . . .R
t 7→eit
OO
In particular, the inmersion ν is a group morphism such that ν(2πx) = φ(x) for
every integer x. Define:
exp : Zˆ× R→ S1Q
such that exp(a, θ) = φ(a).ν(θ).
Lemma 2.2. We have the short exact sequence:
0 // Z
ι // Zˆ× R exp // S1Q // 1
such that ι(a) = (a,−2πa).
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Proof: exp is epimorphism: Consider x ∈ S1Q and a ∈ R such that eia = π1(x).
Because π1 ◦ ν = eiθ we have that π1(ν(a)) = eia = π1(x); i.e. π1(ν(a)−1x) = 1.
By Lemma 2.4 there is an adelic integer b ∈ Zˆ such that φ(b) = ν(a)−1x; i.e.
x = φ(b)ν(a) = exp(b, a).
Ker(exp): Suppose that exp(a, θ) = φ(a)ν(θ) = 1. Then φ(a) = ν(−θ) and
composing with π1 we have 1 = e
−iθ and θ = 2πk for some integer k. Then
1 = exp(a, 2πk) = φ(a)ν(2πk) = φ(a)φ(k) = φ(a+ k)
Because φ is monomorphism we have that a + k = 0. We conclude that a is an
integer and θ = −2πa 
Corollary 2.3. • π1 : S1Q → S1 is a fiber bundle with fiber isomorphic to Zˆ
and monodromy the shift T (x) = x+ 1.
• exp is a local homeomorphism.
• Restricted to a leaf, π1 is a local homeomorphism.
• S1Q is the dynamical suspension of the shift T (x) = x+ 1.
• S1Q is foliated by dense R-leaves.
Proof:
• If diam(U) < 2π then U is a trivializing neighborhood of S1.
• Z acts as translations by ι(Z) and because ι(Z) is discrete in Zˆ × R then
Z acts proper and discontinuously. We conclude that exp is a local home-
omorphism.
• By definition π1 is an open continuous epimorphism. Restricted to a leaf
and a trivializing neighborhood π1 is one to one.
• (x, 2π) + ι(1) = (x+ 1, 0) so (x, 2π) ∼ (x+ 1, 0).
• The foliation Zˆ×R is invariant under translations by ι(a) for every integer
a hence it induces a foliation in the solenoid. Z is dense in its profinite
completion Zˆ and so is every coset of Zˆ/Z. By the preceding item, we have
that every R-leaf is dense in the solenoid.

Geometrically, the structure of the fiber is the disjoint union:
π−11 (x) =
⊔
yn=x
π−1n (y)
As an example, consider the subsystem ni = 2
i and the diadic solenoid S12 with
fiber Z2, the diadic profinite completion of the integers.
Tensoring the adelic solenoid with the group C∗ we get the algebraic solenoid
C∗Q:
C∗Q = limC
∗ // · · ·C∗ pm,n // C∗ // · · ·C∗
Zˆ = limZ/nZ
?
φ
OO
// · · ·Z/nZ?

l 7→e2piil/n
OO
pm,n // Z/mZ
?
l 7→e2piil/m
OO
// · · · {0}?

0 7→1
OO
All the properties discussed before are shared by the algebraic solenoid with the
natural extensions and the proofs are verbatim. For clarity purposes we mention
them once again for the algebraic solenoid:
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Lemma 2.4. The following is a short exact sequence:
0 // Zˆ
φ // C∗Q
π1 // C∗ // 1
and we have the commutative diagram:
0 // Zˆ
φ // C∗Q
π1 // C∗ // 1
0 // nZˆ
?
OO
φ // C∗Q
πn //
=
OO
C∗ //
zn
OO
1
We define the principal baseleaf ν : C→ C∗Q as follows:
C∗Q = limC
∗ // . . .C∗
pm,n // C∗ // . . .C∗
C
?
ν
OO
= // . . .C
eiz/n
OO
= // C
eiz/m
OO
= // . . .C
eiz
OO
In particular, the inmersion ν is a group morphism such that ν(2πx) = φ(x) for
every integer x. Define:
exp : Zˆ× C→ C∗Q
such that exp(a, z) = φ(a).ν(z).
Lemma 2.5. We have the short exact sequence:
(2) 0 // Z
ι // Zˆ× C exp // C∗Q // 1
such that ι(a) = (a,−2πa).
Corollary 2.6. • π1 : C∗Q → C∗ is a fiber bundle with fiber isomorphic to Zˆ
and monodromy the shift T (x) = x+ 1.
• exp is a local homeomorphism.
• Restricted to a leaf, π1 is a local homeomorphism.
• C∗Q is the complex dynamical suspension of the shift T (x) = x+ 1.
• C∗Q is foliated by dense C-leaves.
Because ν(2πx) = φ(x) for every integer x, we have the equivalent descriptions:
0 // nZ
ι // nZˆ× C exp // C∗Q // 1
for every natural n. These are the appropriate descriptions to lift the homeomor-
phisms zp/q:
Lemma 2.7. We have the commutative diagram:
0 // qZ
ι //
p/q

qZˆ× C exp //
p/q

C∗Q
//
zp/q

1
0 // pZ
ι // pZˆ× C exp // C∗Q // 1
such that ι(a) = (a,−2πa).
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Remark 2.1. Because zn = zn and the conjugation has a continuous extension to
the Riemann sphere z¯ : Cˆ→ Cˆ, there is a homeomorphism:
z¯ : CˆQ → CˆQ
such that πn(x¯) = πn(x) for every x ∈ CˆQ. Because z¯ = z−1 on S1 this relation
extends to the solenoid S1Q and by continuity we have that the composition:
1/z¯ : CˆQ → CˆQ
is a leaf preserving homeomorphism fixing 0, 1,∞.
As defined by D. Sullivan [Su]: A two dimensional solenoid is hyperbolic if every
leaf is conformally covered by the disk.
Corollary 2.8. Consider the solenoid HQ = π
−1
1 (∆
∗) where ∆∗ is the open unit
circle minus the origin. Then HQ is a hyperbolic solenoid.
Proof: By equation (2) we have the covering exp : Zˆ× U → Hq where U is the
hyperbolic upper half plane. 
2.2. Continuous maps and degree theory. The following lemmas and propo-
sitions tell us how continuity properties of solenoidal maps are related to limit
periodic properties of their restriction on the baseleaf. For pedagogical reasons,
we introduce the notion of limit periodic as a particular case of almost periodic
functions.
Definition 2.1. A subset A ⊂ R is relatively dense if there is a real number L > 0
such that [x, x+ L] ∩ A 6= ∅ for every x ∈ R.
The following definition is due to Harald Bohr in 1924 [Bo]:
Definition 2.2. A function f : R → C is almost periodic if for every ǫ > 0 there
is a relatively dense subset A ⊂ R such that:
|f(x+ 2πt)− f(x)| < ǫ
for every x ∈ R and t ∈ A.
There is a beautiful discussion of almost periodic functions in the context of
constructive mathematics in [Br]. Restricting the reletively dense subsets to be of
the form NZ for some natural N we have:
Definition 2.3. A function f : R → C is limit periodic if for every ǫ > 0 there is
a natural number N such that:
|f(x+ 2πn)− f(x)| < ǫ
for every x ∈ R and n ∈ NZ.
An interesting discussion relating limit periodic functions, solenoids and adding
machines can be found in [Be]. The following generalization is the appropriate one
needed for our subsequent theory:
Definition 2.4. A function f : C → C is limit periodic respect to x if for every
ǫ > 0 and compact set K ⊂ R there is a natural number N such that:
|f(z + 2πn)− f(z)| < ǫ
for every z ∈ R× iK and n ∈ NZ.
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Lemma 2.9. • Consider a limit periodic function f : R → C. Then the
map f ◦ 2π : Z → C is uniformly continuous respect to the relative adelic
topology on Z. In particular, the map extends uniquely to a continuous map
on Zˆ.
• Consider a continuous limit periodic respect to x function f : C→ C. Then
the map h : Z×C→ C such that h(n, z) = f(z + 2πn) extends uniquely to
a continuous map on Zˆ× C.
Proof:
• Consider an ǫ > 0. There is a natural N such that
|f(x+ 2πn)− f(x)| < ǫ
for every x ∈ R and n ≻ N . In particular, if n−m ∈ NZ then
|f(2πn)− f(2πm)| = |f(2πm+ 2π(n−m))− f(2πm)| < ǫ
• Consider a compact set K ⊂ R and the map l : Z→ C(R×K,C) such that
l(n)(z) = h(n, z). Consider an ǫ > 0. There is a natural N such that
|f(z + 2πn)− f(z)| < ǫ
for every z ∈ R×K and n ≻ N . In particular, if n−m ∈ NZ then
|f(z + 2πn)− f(z + 2πm)| = |f(z + 2πm+ 2π(n−m))− f(z + 2πm)| < ǫ
for every z ∈ R×K; i.e. l is uniformly continuous
||l(n)− l(m)||∞ < ǫ
hence there is a unique continuous extension lˆ : Zˆ→ C(R×K,C). Finally,
we have the unique continuous extension hˆ such that hˆ(a, z) = lˆ(a)(z).
Because the real line is σ-compact and continuity is a local property, we
have the result.

The following Lemma justifies the name of limit periodic maps.
Lemma 2.10. • For every limit periodic map f : R→ C there is a sequence
(fn)n∈N such that fn is 2πn-periodic and (fn) converges pointwise to f
respect to the divisibility net.
• A map f : R → C is continuous limit periodic respect to x if and only
if there is a sequence (fn)n∈N of continuous maps such that fn is 2πn-
periodic respect to x and (fn) uniformly converges to f in bands R × K
where K ⊂ R is a compact set, respect to the divisibility net. Moreover, the
sequence (fn)n∈N can be assumed to be equicontinuous.
Proof:
• Consider F : Z×R→ C such that F (n, x) = f(x+2πn). Because f is limit
periodic, by Lemma 2.9 for every x ∈ R the function F ( , x) is uniformly
continuous hence there is an extension Fˆ : Zˆ × R → C such that for every
x ∈ R the extension Fˆ ( , x) is continuous on the compact Zˆ. Consider the
inverse limit morphisms πn : Zˆ→ Z/nZ and define
fn(x) = n
∫
Ker(πn)
da Fˆ (a, x)
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where da denotes the normalized Haar measure on the compact abelian
group Zˆ. See that that for every x ∈ R the extension Fˆ ( , x) is integrable
for it is continuous.
Consider the shift T : Zˆ→ Zˆ such that T (a) = a+ 1. Because the Haar
measure is invariant under the shift, T n is an automorphism ofKer(πn) and
Fˆ (T (a), x) = Fˆ (a+ 1, x) = Fˆ (a, x+ 2π) we have that fn is 2πn-periodic:
fn(x+ 2πn) = n
∫
Ker(πn)
da Fˆ (a, x+ 2πn) = n
∫
Ker(πn)
da Fˆ (T n(a), x) = fn(x)
Finally, for every ǫ > 0 and every x ∈ R there is a natural Nǫ,x such that
for every n ≻ N we have Fˆ (nZˆ, x) ⊂ U(Fˆ (0, x), ǫ). In particular,
|f(x)− fn(x)| ≤ n
∫
Ker(πn)
da |Fˆ (0, x)− Fˆ (a, x)| < ǫ
for every n ≻ N .
• Consider F : Z×C→ C such that F (n, z) = f(z+2πn). Because f is limit
periodic respect to x, by Lemma 2.9 there is a unique continuous extension
Fˆ : Zˆ×C → C of F . Consider the inverse limit morphisms πn : Zˆ→ Z/nZ
and define
fn(z) = n
∫
Ker(πn)
da Fˆ (a, z)
where da denotes the normalized Haar measure on the compact abelian
group Zˆ. Again, see that that for every z ∈ C the extension Fˆ ( , z) is
integrable for it is continuous.
Because F (n + 1, z) = F (n, z + 2π) and Fˆ is the continuous extension,
we have the relation Fˆ (a+1, x) = Fˆ (a, x+2π) hence there is a continuous
function fˆ such that:
C∗Q
fˆ
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
Zˆ× C Fˆ //
exp
OO
C
C
f
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦?
OO
Consider the annulus Dr,R where r and R denote the inner and outer radius
respectively. Because the solenoid S1Q × [a, b] ≃ π−11 (Dr,R) is compact, fˆ
is uniformly continuous there hence Fˆ is uniformly continuous. Then,for
every ǫ > 0 there is a δǫ > 0 and a natural Nǫ such that Fˆ (N Zˆ×U(z, δ)) ⊂
U(Fˆ (0, z), ǫ) for every z ∈ R× [a, b]. In particular,
|f(z)− fn(z)| ≤ n
∫
Ker(πn)
da |Fˆ (0, z)− Fˆ (a, z)| < ǫ
for every n ≻ N and every z ∈ R×[a, b]; i.e. (fn)n∈N uniformly converges to
f in bands R×K where K ⊂ R is a compact set, respect to the divisibility
net. By the same argument as before, fn is 2πn-periodic.
Let’s see that the family on functions fn is equicontinuous. Define the
continuous function g : Zˆ × C2 → R such that g(a, z, w) = |Fˆ (a, z) −
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Fˆ (a, w)|. Let ǫ > 0 and z ∈ R. Then Zˆ ×∆ ⊂ g−1(U(0; ǫ)) where ∆ ⊂ C2
is the diagonal and because Zˆ is compact, there is a δ > 0 such that
Zˆ × U((z, z); δ) ⊂ g−1(U(0; ǫ)). In particular, for every w ∈ C such that
|z − w| < δ we have g(a, z, w) < ǫ for every a ∈ Zˆ. Then,
|fn(z)− fn(w)| ≤ n
∫
Ker(πn)
da |Fˆ (a, z)− Fˆ (a, w)| < ǫ
if |z − w| < δ for every natural n.
Conversely, consider a compact set K ⊂ R and let ǫ > 0. There is a
natural N such that n ≻ N implies ||f − fn||∞ < ǫ/2 on the band R×K.
Define T : C→ C such that T (z) = z +2π. Because fn = fn ◦ T n we have:
||f − f ◦ T n||∞ = ||(f − fn)− (f ◦ T n − fn ◦ T n)||∞
≤ ||f − fn||∞ + ||f ◦ T n − fn ◦ T n||∞ = 2||f − fn||∞ < ǫ
for every n ≻ N ; i.e. f is limit periodic respect to x. Because every fn is
continuous and the convergence is uniform on compact sets, we have that
f is continuous.

The first item of the above Lemma is surprising for a non-continuous limit pe-
riodic could be quite bizarre. However, it can always be approximated by periodic
functions.
Definition 2.5. Define the baseleaf topology on C as the topology such that ν :
CBL → C∗Q is an embedding (instead of just an inmersion) and denote the this new
topological space as CBL. The baseleaf topology on R is defined analogously and
will be denoted as RBL.
Because of the relation πm ◦ ν = eiz/n and the fact that, by definition, the
topology of C∗Q is the coarser topology such that every πm is continuous, we have
that the following sets
V (U,m) =
⋃
k∈mZ
(U + 2πk)
where U ⊂ C is an open set and m is a natural number, constitute a basis for the
baseleaf topology. In particular, we have the homeomorphism:
(3) CBL ≃ RBL × R
Another form of the above homeomorphism is the following one:
C∗Q ≃ S1Q × R
Remark 2.2. The space CBL is not a topological vector space for the vector space
action of R or C with the usual topologies is not continuous. However, (CBL,+)
is a topological group. Because (C∗, ·) is a complete topological group and the
inverse limit of such groups is again a complete topological group, the algebraic
solenoid (C∗Q, ·) is also a complete topological group. Because ν : CBL →֒ C∗Q is a
dense embedding we conclude that the topological completion of (CBL,+) is the
algebraic solenoid (C∗Q, ·):
(CBL,+) ≃ (C∗Q, ·)
as topological groups. A similar discussion holds for the solenoid and RBL. It is
interesting to see that formulating the problem backwards is much more difficult:
ADELIC AHLFORS-BERS THEORY 13
Question: Given the topological group (RBL,+) with the explicit topology described
before, what is its completion?
Answer: The adelic solenoid.
Lemma 2.11. Consider a continuous baseleaf preserving function f : C∗Q → C∗Q.
Then, there is a unique rational number q and a unique continuous limit periodic
respect to x function h such that f0(z) = qz + h(z) where f0 is defined by the
commutative diagram:
C∗Q
f // C∗Q
C
f0 //?

ν
OO
C
?
ν
OO
Proof: Endow C with the baseleaf topology. We have the commutative diagram:
C∗Q
f // C∗Q
CBL
f0 //?

ν
OO
CBL
?
ν
OO
Let’s see that f0 : CBL → CBL is continuous. Consider an open set U ⊂
CBL. There is an open set U
′ ⊂ C∗Q such that U = ν−1(U ′). Because f−10 (U) =
ν−1(f−1(U ′) and ν is continuous, we have that f−10 (U) is open.
Remark 2.3. Because the baseleaf topology is coarser than the usual one, every
connected subset in the usual sense is also connected in the baseleaf sense.
Consider an annulus Dr,R where r and R denote the inner and outer radius
respectively. Because S1Q × [a, b] ≃ π−11 (Dr,R) is compact and f is continuous, the
restrictions of f and therefore f0 are uniformly continuous; i.e for every ǫ > 0 and
natural λ there is a real number δǫ,λ > 0 and a natural number Nǫ,λ such that
(4) f0(z + 2πNZ+ U(0, δ)) ⊂ f0(z) + 2πλZ+ U(0, ǫ)
for every z ∈ R× [a, b].
Define gm such that gm(z) = f0(z+2πNm)−f0(z) for every integerm. Consider
ǫ < π/2. We will prove that there is an integer kǫ,λ such that gm(R × [a, b]) ⊂
U(2πkm, ǫ) for every integer m. We will prove it in the following steps:
• Base case: Because g1 is continuous and RBL×[a, b] is connected by remark
2.3, there is an integer k such that g1(R× [a, b]) ⊂ U(2πk, ǫ).
• Induction step: Suppose that gm(R× [a, b]) ⊂ U(2πkm, ǫ) for every natural
m ≤ M . Because gM+1(z) = gM (z + 2πN) + g1(z) and the inductive
hypothesis, we have that gM+1(R× [a, b]) ⊂ U(2πk(M+1), π). By equation
(4) we have gm(R× [a, b]) ⊂ 2πZ+ U(0, ǫ) for every integer m. Then,
gM+1(R× [a, b]) ⊂ U(2πk(M + 1), π) ∩ (2πZ+ U(0, ǫ)) = U(2πk(M + 1), ǫ)
• Trivial case: g0(R× [a, b]) = {0} ⊂ U(0, ǫ).
• Negative integers: g−m(R × [a, b]) = −gm(R × [a, b]) ⊂ −U(2πkm, ǫ) =
U(2πkm, ǫ) for every natural m.
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We have proved a stronger version of equation (4): For every ǫ > 0 and natural
number λ such that ǫ < π/2 there is a real number δǫ,λ > 0, a natural number Nǫ,λ
and an integer kǫ,λ such that
(5) f0(z + 2πNm+ U(0, δ)) ⊂ f0(z) + 2πkm+ U(0, ǫ)
for every z ∈ R× [a, b] an every integer m.
Let’s see that the quotient kǫ,λ/Nǫ,λ is independent of the ǫ and λ chosen. Con-
sider another 0 < ǫ′ < π/2 and λ′. There is a real number δ′ǫ′,λ′ > 0 such that
δ′ < δ, a natural number N ′ǫ′,λ′ and an integer k
′
ǫ′,λ′ such that
(6) f0(z + 2πN
′m′ + U(0, δ′)) ⊂ f0(z) + 2πk′m′ + U(0, ǫ′)
for every z ∈ R×[a, b] an every integerm′. Choosem andm′ such thatN ′m′ = Nm.
Then,
∅ 6= f0(2πN ′m′+U(0, δ′)) ⊂ (f0(0)+2πk.m+U(0, ǫ))∩ (f0(0)+2πk′.m′+U(0, ǫ′))
and because ǫ, ǫ′ < π/2 we have that k.m = k′.m′ hence k/N = k′/N ′. Denote this
ǫ, λ-independent rational by q.
In particular, because the compact [a, b] was arbitrary, we have proved that
f0(z) = qz + h(z)
where h is continuous limit periodic respect to x: Because f0 is continuous we have
that h is continuous. It rest to show that it is limit periodic respect to x. Because
we proved that the rational q was ǫ, λ-independent, equation (5) reads as follows:
For every compact setK ⊂ R and real number ǫ > 0 there is a real number δK,ǫ > 0
and a natural number NK,ǫ such that:
h(z + 2πNm)− h(z) = f0(z + 2πNm)− f0(z)− 2πq Nm ∈ U(0, ǫ)
for every z ∈ R× [a, b] and every integer m. This proves the claim.
Moreover, this decomposition is unique for a linear limit periodic function must
be zero. 
Corollary 2.12. For every uniformly continuous map f : RBL → CBL there is a
unique rational number q and a unique continuous limit periodic function h such
that f(x) = qx+h(x). In particular, f is continuous respect to the usual topologies;
i.e. f : R→ C is continuous.
Proof: Because f is uniformly continuous it extends continuously to the com-
pletions and by remark 2.2 we have the commutative diagram:
S1Q
fˆ // C∗Q
RBL
f //?

ν
OO
CBL
?
ν
OO
By Lemma 2.11, we have the result. 
Definition 2.6. The rational number q of the above lemma will be called the
degree of f and will be denoted deg(f).
A continuous map f : C∗Q → C∗Q can be assumed to be baseleaf preserving just by
multiplying it by f(1)−1. The following proposition gives the converse of Lemma
2.11.
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Proposition 2.13. There is a continuous (holomorphic) baseleaf preserving map
f : C∗Q → C∗Q if and only if there is a continuous (holomorphic) limit periodic
respect to x map g such that the following diagram commutes:
C∗Q
f // C∗Q
C
deg(f)z+g(z) //?

ν
OO
C
?
ν
OO
where deg(f) ∈ Q is the degree of f .
Proof: By Lemma 2.11 there is such g. If f is holomorphic then it is holomorphic
on every leaf. In particular it is holomorphic on the baseleaf and we have that g is
holomorphic.
For the converse, suppose that deg(f) = p/q such that p and q are coprime
natural numbers. Define F : qZ × C → pZ × C such that F (qn, z) = (pn, fn(z))
where
(7) fn(z) = f0(z + 2πqn)− 2πpn = p
q
z + g(z + 2πqn)
for every integer n. Because g is continuous limit periodic respect to x, by Lemma
2.9 function h : qZ × C → C such that h(n, z) = g(z + 2πn) admits a unique
continuous extension hˆ : qZˆ × C → C such that hˆ(a, z + 2πq) = hˆ(a+ q, z). Then,
there is a unique continuous extension Fˆ : qZˆ× C→ pZˆ× C of F such that
Fˆ (qa, z) = (pa,
p
q
z + hˆ(qa, z))
and satisfies the same structural condition as F :
Fˆ (qa, z + 2πq) = Fˆ (q(a+ 1), z) + (−p, 2πp)
By Lemma 2.7, there is a continuous map f such that the following diagram com-
mutes:
C∗Q
f // C∗Q
qZˆ× C Fˆ //
exp
OO
pZˆ× C
exp
OO
C
(p/q)z+g(z) //?

OO
C
?
OO
Let a ∈ qZˆ and consider a sequence of integers (ni)i∈N such that (q.ni) converges to
a. If f0 is holomorphic then by equation (7) fni is holomorphic for every natural i.
By Lemma 2.9 the sequence of continuous maps (fni) converges uniformly to Fˆ (a, )
on compact sets hence Fˆ (a, ) is holomorphic for every fni is holomorphic. Then f
is holomorphic on every leaf and by remark 2.4 we conclude that f is holomorphic.

We have proved that for every uniformly continuous map f : RBL → RBL there
is a unique rational number q and a continuous limit periodic map h such that
f(x) = qx + h(x). In particular, every uniformly continuous map f : RBL → R is
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limit periodic. Because the baseleaf topology is coarser than the usual topology,
we have the natural inclusion
Cunif (RBL,R) →֒ Cunif (RBL,RBL)
with cokernel the rational numbers. We have proved the following topological
characterization of the rational numbers:
Cunif (RBL,RBL)/Cunif (RBL,R) ≃ Q
Lemma 2.14. Consider a pair of continuous (holomorphic) baseleaf preserving
maps f, g : C∗Q → C∗Q. Then, f and g are homotopic (conformal isotopic) if and
only if deg(f) = deg(g).
Proof: There is a continuous map H : [0, 1]× C∗Q → C∗Q such that H(0, ) = f
and H(1, ) = g. By Lemma 2.13 there is a unique map Hˆ : [0, 1] × CBL → CBL
such that:
[0, 1]× C∗Q H // C∗Q
[0, 1]× CBL Hˆ //
?
id×ν
OO
CBL
?
ν
OO
where Hˆ(t, z) = q(t)z + h(t, z). Let’s see that Hˆ is continuous. Consider an open
set U ⊂ CBL. There is an open set U ′ ⊂ C∗Q such that U = ν−1(U ′). Because
Hˆ−1(U) = (id× ν)−1(H−1(U ′) and id× ν is continuous, we have that Hˆ−1(U) is
open. We conclude that Hˆ is continuous. In particular, the function q : [0, 1]→ Q
is continuous and because Q is totally disconnected we have that q is constant hence
q(0) = q(1); i.e. deg(f) = deg(g).
Conversely, there is a rational q = deg(f) = deg(g) such that:
C∗Q
f // C∗Q C
∗
Q
g // C∗Q
CBL
qz+h(z) //?

ν
OO
CBL
?
ν
OO
CBL
qz+l(z) //?

ν
OO
CBL
?
ν
OO
where h and l are continuous (holomorphic) limit periodic respect to x. Be-
cause every linear combination of continuous (holomorphic) limit periodic func-
tions respect to x is continuous (holomorphic) limit periodic respect to x, the map
Hˆ : [0, 1]× CBL → CBL such that Hˆ(t, z) = qz + (1 − t)h(z) + tl(z) is continuous
(such that Hˆ(t, ) is holomorphic for every t). An almost verbatim construction to
the one given in Proposition 2.13 gives a continuous map H such that:
[0, 1]× C∗Q H // C∗Q
[0, 1]× CBL Hˆ //
?
id×ν
OO
CBL
?
ν
OO
Then f and g are homotopic. If f and g are holomorphic, by Proposition 2.13
H(t, ) is holomorphic for every t hence H is a conformal isotopic. 
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Corollary 2.15. For every baseleaf preserving continuous (holomorphic) map f :
C∗Q → C∗Q there is a unique rational number q such that f is homotopic (conformal
isotopic) to zq. In particular, every character of the group C∗Q is of the form z
q for
some rational number q.
Proposition 2.16. There is a continuous (holomorphic) map f : C∗Q → C such
that:
C∗Q
f // C
C
g
>>⑦⑦⑦⑦⑦⑦⑦⑦?
ν
OO
if and only if g is continuous (holomorphic) limit periodic respect to x.
Proof: Almost verbatim to 2.13 with deg(f) = 0. 
The following Lemma shows that degree zero functions map all the solenoid to
only one leaf.
Lemma 2.17. Consider a continuous (holomorphic) baseleaf preserving map f :
C∗Q → C∗Q. There is a continuous (holomorphic) map g such that:
C∗Q
g
!!❇
❇❇
❇❇
❇❇
❇
f // C∗Q
C
?
ν
OO
if and only if deg(f) = 0.
Proof: By proposition 2.16 there is a limit periodic respect to x continuous
(holomorphic) map h : C → C such that h = g ◦ ν. Then f ◦ ν = ν ◦ g ◦ ν = ν ◦ h
and by Lemma 2.13 we have that deg(f) = 0.
Conversely, if deg(f) = 0 by proposition 2.13 there is a limit periodic respect to
x continuous (holomorphic) map h : C→ C such that f ◦ ν = ν ◦h. By proposition
2.16 there is a continuous (holomorphic) map g such that h = g ◦ ν:
C∗Q
f //
g
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆ C
∗
Q
C
h //?

ν
OO
C
?
ν
OO
Then, f ◦ ν = ν ◦ h = ν ◦ g ◦ ν. Because the maps are continuous and the image of
ν is dense embedding, we have that f = ν ◦ g. 
Corollary 2.18. Consider a continuous (holomorphic) baseleaf preserving map
f : C∗Q → C∗Q. There is a continuous (holomorphic) map g : C∗Q → C such that
f = zdeg(f).(ν ◦ g) where ν is the baseleaf.
2.3. Differentiable structure and derivatives. Now we discuss the lamina-
tion’s differentiable structure and derivatives of maps.
Definition 2.7. Because restricted to any leaf, the projection π1 is a local homeo-
morphism, we define the complex and differentiable structure of every leaf of the al-
gebraic solenoid as the pullback of the respective structures of C∗ by π1 : C
∗
Q → C∗.
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Remark 2.4. Because π1 is a group morphism, for every a ∈ Ker(π1) ≃ Zˆ we have
π1(a.ν(z)) = e
iz for every complex z:
C∗Q
π1 // C∗
C
?
a.ν
OO
eiz
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤
hence the complex and differential structures induced by π1 and a.ν on the leaves
coincide for the exponential map eiz is holomorphic. In particular, a function is
holomorphic on C∗Q if and only if it is holomorphic on every leaf.
Thinking the leaves a.ν : C → C∗Q as coordinate charts, we have the following
definition:
Definition 2.8. Consider a continuous map f : C∗Q → C∗Q. There exist the deriv-
ative ∂iz∂
j
z¯f : C
∗
Q → C if it is continuous and
C∗Q
f // C∗Q C
∗
Q
∂iz∂
j
z¯f // C
C
fa //?

a.ν
OO
C
?
b.ν
OO
C
∂iz∂
j
z¯fa
88qqqqqqqqqqqqqq?
a.ν
OO
for every a ∈ Ker(π1); i.e. for every leaf. We say that f is of class Cn if there exist
∂iz∂
j
z¯f for every i, j > 0 such that i + j ≤ n. We say that f is of class C∞ if there
exist ∂iz∂
j
z¯f for every i, j > 0.
Proposition 2.19. Consider a continuous baseleaf preserving map f : C∗Q → C∗Q
such that:
C∗Q
f // C∗Q
C
deg(f)z+g(z) //?

ν
OO
C
?
ν
OO
Then, the continuous derivative ∂iz∂
j
z¯f exists if and only if ∂
i
z∂
j
z¯g exists and is
continuous limit periodic respect to x. In particular, f is Cn if and only if ∂iz∂
j
z¯g
exists and is continuous limit periodic respect to x for every i, j ≥ 0 such that
i+ j ≤ n.
Proof: By definition, there are continuous maps ∂iz∂
j
z¯f : C
∗
Q → C for every
i, j > 0 and i+ j ≤ n such that:
C∗Q
f // C∗Q C
∗
Q
∂iz∂
j
z¯f // C
C
fa //?

a.ν
OO
C
?
b.ν
OO
C
∂iz∂
j
z¯fa
88qqqqqqqqqqqqqq?
a.ν
OO
for every a ∈ Ker(π1); i.e. for every leaf. In particular, it is verified for the baseleaf
(a = 0) and by Lemma 2.16 the functions ∂iz∂
j
z¯g : C
∗
Q → C are continuous limit
periodic respect to x for every i, j > 0 and i+ j ≤ n
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Conversely, suppose that ∂zg is continuous limit periodic respect to x and deg(f) =
p/q such that p and q are coprime natural numbers. In the proof of proposition
2.13 we constructed the commutative diagram:
C∗Q
f // C∗Q
qZˆ× C Fˆ //
exp
OO
pZˆ× C
exp
OO
C
(p/q)z+g(z) //?

OO
C
?
OO
Define Fz : qZ× C→ C such that
Fz(qn, z) = ∂zf0(z + 2πqn) =
p
q
+ ∂zg(z + 2πqn)
for every integer n. Because ∂zf0 is continuous limit periodic respect to x, by
Lemma 2.9 there is a unique continuous extension Fˆz : qZˆ×C→ C of Fz such that
Fˆz(a, z + 2πq) = Fˆz(a + q, z). By Lemma 2.7, there is a continuous map fz such
that the following diagram commutes:
C∗Q
fz // C
qZˆ× C Fˆz //
exp
OO
C
=
OO
C
∂zf0 //?

OO
C
=
OO
Let a ∈ qZˆ and consider a sequence of integers (ni)i∈N such that (q.ni) converges to
a. Because Fˆ (ni, ) converges uniformly to Fˆ (a, ) on compact sets and ∂zFˆ (ni, ) =
(0, Fˆz(ni, )) converges uniformly to (0, Fˆz(a, )) on compact sets we conclude that
∂zFˆ (a, ) = (0, Fˆz(a, ))
and it is continuous limit periodic respect to x. We have proved that there exist
the partial derivative ∂zf = fz.
In the case that f0 is of class C
m such that m = 1, 2, . . .∞, an analogous induc-
tive argument shows that there exist the all the other continuous partial derivatives
of f ; i.e. f is of class Cm. 
We have a completely analogous proposition for functions with almost verbatim
proof:
Proposition 2.20. Consider a continuous function f : C∗Q → C such that:
C∗Q
f // C
C
g
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦?
ν
OO
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Then, the continuous derivative ∂iz∂
j
z¯f exists if and only if ∂
i
z∂
j
z¯g exists and is
continuous limit periodic respect to x. In particular, f is Cn if and only if ∂iz∂
j
z¯g
exists and is continuous limit periodic respect to x for every i, j ≥ 0 such that
i+ j ≤ n.
We have an improved version of Lemma 2.14:
Lemma 2.21. Consider a pair of Cn baseleaf preserving maps f, g : C∗Q → C∗Q.
Then, f and g are Cn-isotopic if and only if deg(f) = deg(g).
Proof: Almost verbatim to the proof of Lemma 2.14. 
2.4. Picard theorem.
Proposition 2.22. There is a continuous (holomorphic) map f : C∗Q → C∗ such
that:
C∗Q
f // C∗
C
qz+g(z) //?

ν
OO
C
eiz
OO
if and only if g is continuous (holomorphic) limit periodic respect to x and q is a
rational number.
Proof: Almost verbatim to the proof in Lemma 2.13. 
Definition 2.9. We will call the above rational number the degree of f and denote
it by deg(f).
The following corollary justifies this notation:
Corollary 2.23. For every continuous (holomorphic) map f : C∗Q → C∗ there is a
unique continuous (holomorphic) baseleaf preserving map fˆ such that:
C∗Q
π1

C∗Q
fˆ
>>⑥⑥⑥⑥⑥⑥⑥⑥ f // C∗
and deg(f) = deg(fˆ).
Proof: By proposition 2.22, there is a unique rational number q = deg(f) and a
continuous (holomorphic) limit periodic respect to x map g such that:
C∗Q
f // C∗
C
qz+g(z) //?

ν
OO
C
eiz
OO
By proposition 2.13, there is a unique baseleaf preserving continuous (holomorphic)
map fˆ of degree q such that:
ADELIC AHLFORS-BERS THEORY 21
C∗Q
fˆ // C∗Q
π1 // C∗
C
qz+g(z) //?

ν
OO
C
?
ν
OO
eiz
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤
Then π1 ◦ fˆ ◦ ν = f ◦ ν and because the image of ν is dense and the maps are
continuous we have that π1 ◦ fˆ = f . 
The following corollary shows the relation of the degree introduced here with the
classical degree:
Corollary 2.24. For every continuous (holomorphic) map f : C∗ → C∗ there is a
unique continuous (holomorphic) baseleaf preserving map fˆ such that:
C∗Q
π1

fˆ // C∗Q
π1

C
f // C
and deg(f) = deg(fˆ).
Proof: Because the map π1 is holomorphic and the degree is multiplicative under
composition we have that f ◦ π1 is a continuous (holomorphic) map with the same
degree as f ; i.e.
C∗Q
π1 // C
f // C
C
z //?

ν
OO
C
deg(f)z+g(z) //
eiz
OO
C
eiz
OO
where deg(f) is an integer and g is a continuous (holomorphic) map periodic respect
to x. Then deg(f) = deg(f ◦ π1). By the previous corollary there is a unique
continuous (holomorphic) baseleaf preserving map fˆ such that:
C∗Q
π1

fˆ //
!!
C∗Q
π1

C
f // C
and deg(f) = deg(f ◦ π1) = deg(fˆ). 
Lemma 2.25. Consider a pair of continuous (holomorphic) maps f, g : C∗Q → C∗.
Then, f and g are homotopic (conformal isotopic) if and only if deg(f) = deg(g).
Proof: Almost verbatim to the proof of Lemma 2.14. 
Proposition 2.26. Pic(CˆQ) ≃ (Q,+)
Proof: Consider a complex holomorphic line bundle L over CˆQ. Claim: The
open sets U = CˆQ − {0} and V = CˆQ − {∞} constitute a trivializing cover: We
only prove that V = CQ is trivializing for the other case is completely similar.
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Consider a hoolomorphic function f : CQ → C∗. In particular, its restriction to C∗Q
is holomorphic and by Lemma 2.22 there is a map h such that:
C∗Q
f // C∗
C
h(z)=deg(f)z+g(z) //?

ν
OO
C
eiz
OO
Restricted to the real line, h has the form:
h(x) = deg(f)x+
∑
q∈Q
aqe
iqx
and because h is holomorphic we have:
h(z) = deg(f)z +
∑
q∈Q
aqe
iqz
In particular, its imaginary part is the following:
Im(h(z)) = deg(f)y +
∑
q∈Q
[Re(aq) sin(qx) + Im(aq) cos(qx)] e
−qy
Because f has a continuous extension at zero such that f(0) ∈ C∗ and |f(ν(z))| =
|eih(z)| = e−Im(h(z)), the limit of Im(h) when y tends to +∞must be finite for every
x. We conclude that deg(f) = 0 and aq = 0 for every q < 0; i.e.
f(z) = ei
∑
q≥0 aqz
q
Define the conformal isotopy:
ft(z) = e
it
∑
q≥0 aqz
q
We have proved that every holomorphic function f : CQ → C∗ is conformal isotopic
to a constant function and we have the claim.
Then, the bundle L is determined by its holomorphic clutching function f : C∗Q →
C∗ and by Lemma 2.25 there is a unique rational number q such that f is conformal
isotopic to zq hence L is isomorphic to the complex holomorphic line bundle O(q)
with clutching function the character zq. Because O(p) ⊗ O(q) ≃ O(p + q), the
result follows. 
Remark 2.5. It is tempting to argue just that U and V are contractible hence
trvializing but this is true in the continuous category and we ere in the holomorphic
one.
Proposition 2.27. There is a natural group monomorphism πˆ∗1 : Pic(Cˆ) →֒
Pic(CˆQ).
Proof: For every complex line bundle π : L→ Cˆ we have its pullback:
πˆ∗1(L)
π′

// L
π

CˆQ
πˆ1 // Cˆ
and because πˆ1 is onto we have that πˆ
∗
1 is a monomorphism: Take the trivializing
cover U = Cˆ−{∞} and V = Cˆ−{0} of the Riemann sphere Cˆ. For every clutching
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function f : C∗ → C∗ the clutching function of the pullback of its associated
bundle respect to the trivializing cover U ′ = CˆQ − {∞} and V ′ = CˆQ − {0} is
f ◦ π1. Then the pullback πˆ1 is inyective for every pair of clutching functions such
that f ◦ π1 = g ◦ π1 we have f = g. Because the tensor product of bundles with
clutching functions f and g has the clutching function f.g, the pullback πˆ∗1 is a
group morphism for (f.g) ◦ π1 = (f ◦ π1).(g ◦ π1); i.e.
πˆ∗1(L⊗ L′) ≃ πˆ∗1(L)⊗ πˆ∗1(L′)
By general theory, if L ≃ L′ then πˆ∗1(L) ≃ πˆ∗1(L′). 
3. Renormalization
3.1. Renormalization.
Lemma 3.1. Consider µ ∈ L∞(C∗Q) and their restrictions to the fiber ιx : Zˆ→ C∗Q
for every x ∈ C∗. Then, ι∗x(µ) ∈ L∞(Zˆ) and ν∗a(µ) ∈ L∞(C) for almost every
x ∈ C∗ and almost every a ∈ Zˆ.
Proof: Consider a representative of µ not defined on a measure zero set A ⊂ C∗Q.
Consider the measure mA such that mA(B) := m(A ∩ B) and its pushout by
π1 : C
∗
Q → C∗. The pushout π1,∗(mA) is the zero measure with Radon-Nikodym
function f(x) = η(A ∩ π−11 (x)) ≥ 0 hence η(A ∩ π−11 (x)) = 0 for almost every x.
An analog argument on the pullback exp∗(µ) by the exponential map defined on
Zˆ× C gives the result. 
Definition 3.1. The n-th renormalizationmap is the linear operator In : L∞(C∗Q)→
L∞(C
∗
Q) such that:
In(µ)(x) = n
∫
π−1n (πn(x))
dη µ
The n-th renormalization map is the average respect the n-th level πn : C
∗
Q → C∗
of the algebraic solenoid renormalized such that its operator norm be one; i.e.
||In||∞ = 1.
Remark 3.1. See that, by definition, In(µ) factors through πn; i.e. there is a
µˆn ∈  L∞(C∗) such that:
C∗Q
In(µ) //
πn

C
C
+

ν
88qqqqqqqqqqqqq eiz/n // C∗
µˆn
88qqqqqqqqqqqqq
In particular, In(µ)0 = In(µ) ◦ ν = µˆn ◦ eiz/n is 2πn-periodic respect to x.
Definition 3.2. We say that µ ∈ L∞(C∗Q) is transversally continuous (TC) if
restricted to almost every fiber it can be represented by a continuous function.
Definition 3.3. Consider the left action m : Zˆ → Aut(C∗Q) such that m(a)(x) =
φ(a)x. We say that µ ∈ L∞(C∗Q) is transversally equicontinuous (TEC) if the map
Zˆ→ L∞(C∗Q) such that (a 7→ µ◦m(a)) is continuous. We denote the space of TEC
functions by LTEC∞ (C
∗
Q).
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Because π1 ◦ φ = 1 we have π1 ◦ ma = id for every a ∈ Zˆ. This way ma :
π−11 (x) → π−11 (x) for every x ∈ C∗ and a ∈ Zˆ; i.e. the fibers are invariant under
the action ma for every a ∈ Zˆ. In particular, restricted to almost every fiber a
TEC function can be represented by a continuous function; i.e. it is transversally
continuous. This is the content of corollary 3.3.
Lemma 3.2. If µ ∈ LTEC∞ (C∗Q) then In(µ) converges uniformly to µ respect to the
divisibility net.
Proof: Consider ǫ > 0. There is a natural N such that n ≻ N implies ||µ− µ ◦
ma||∞ < ǫ for every a ∈ nZˆ. Then, for every x where µ is defined we have:
|µ(x) − In(µ)(x)| ≤ n
∫
π−1n (πn(x))
dy |µ(x) − µ(y)| < ǫ
because y ∈ π−1n (πn(x)) implies y−1x = φ(a) such that a ∈ nZˆ and then |µ(x) −
µ(y)| < ǫ for every y ∈ π−1n (πn(x)). This implies ||µ − In(µ)||∞ < ǫ for every
n ≻ N . 
Corollary 3.3. Consider a function µ ∈ LTEC∞ (C∗Q). Then, for almost every fiber
ιx : Zˆ → C∗Q of the fiber bundle π1 : C∗Q → C∗, the pullback ι∗x(µ) ∈ L∞(Zˆ) can be
represented by a continuous function.
Proof: For every natural n and almost every fiber Fx : Zˆ → C∗Q the map
F ∗x (In(µ)) is locally constant (See remark 5.1). In particular they are continuous
and by the previous Lemma they converge uniformly to F ∗x (µ) and we have the
result. 
The above corollary can be written in the following way:
Definition 3.4. We say µ is transversally locally constant (TLC) if there is some
natural n and µn ∈ L∞(C) such that µ = π∗n(µn). The space of TLC functions will
be denoted by TLC(CQ).
Corollary 3.4. The space of TLC functions is dense in LTEC∞ (C
∗
Q).
Lemma 3.5. • If f : C∗Q → C is continuous, then the family of functions
In(f) is equicontinuous and the sequence (In(f))n∈N converges uniformly
to f on compact sets.
• If f : C∗Q → C is Cm then In(f) is Cm and (In(f))n∈N converges to f in
the Cm-topology on compact sets.
Proof:
• An analogous construction to the one given in the proof of Lemma 2.10
gives the commutative diagram:
C∗Q
f // C
Zˆ× C F //
exp
OO
C
=
OO
C
f0 //?

OO
C
=
OO
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such that F is continuous, F (n, z) = f0(z+2πn) and F (a+1, z) = F (a, z+
2π) for every integer n, z ∈ C and a ∈ Zˆ. Define the function In(F ) such
that:
In(F )(a, z) = n
∫
π−1n (πn(a))
db F (b, z)
Because of the relation:
In(F )(a, z + 2π) = n
∫
π−1n (πn(a))
dη F (b, z + 2π) = n
∫
π−1n (πn(a))
dη F (b+ 1, z)
= n
∫
π−1n (πn(a))+1
dη F (b, z) = n
∫
π−1n (πn(a+1))
dη F (b, z)
= In(F )(a+ 1, z)
there is a function conjugated to F by the exp map. It is clear that this
map is In(f) and we have the commutative diagram:
C∗Q
In(f) // C
qZˆ× C In(F ) //
exp
OO
C
=
OO
C
In(f)0 //?

OO
C
=
OO
where In(f)0 = In(F )(0, ):
In(f)0(z) = n
∫
Ker(πn)
db F (b, z)
See that these maps coincide with the maps defined in the proof of Lemma
2.10 and by the same proof we have that they are periodic respect to x
and equicontinuous. By Proposition 2.16, the family of functions In(f) is
equicontinuous and the sequence (In(f))n∈N converges uniformly to f on
compact sets.
• Suppose that there is a continuous derivative ∂zf such that:
C∗Q
f // C C∗Q
∂zf // C
C
f0
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦?
ν
OO
C
∂zf0
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦?
ν
OO
Claim: ∂z(In(f)0) = In(∂zf)0.
An analogous construction to the one given in the proof of Lemma 2.10
and Proposition 2.19 gives the commutative diagrams:
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C∗Q
f // C C∗Q
∂zf // C
Zˆ× C F //
exp
OO
C
=
OO
Zˆ× C ∂zF //
exp
OO
C
=
OO
C
f0 //?

OO
C
=
OO
C
∂z(f0)=(∂zf)0 //?

OO
C
=
OO
such that F and ∂zF are continuous, F (n, z) = f0(z + 2πn), F (a+ 1, z) =
F (a, z + 2π) and analogous relations for ∂zF for every n ∈ Z, z ∈ C and
a ∈ Zˆ. In the same way as before, we have the commutative diagrams:
C∗Q
In(f) // C C∗Q
In(∂zf) // C C∗Q
∂zIn(f) // C
Zˆ× C In(F ) //
exp
OO
C
=
OO
Zˆ× C In(∂zF ) //
exp
OO
C
=
OO
Zˆ× C ∂zIn(F ) //
exp
OO
C
=
OO
C
In(f)0 //?

OO
C
=
OO
C
In(∂zf)0 //?

OO
C
=
OO
C
∂z(In(f)0) //?

OO
C
=
OO
It only rest to show that ∂zIn(F ) = In(∂zF ): Because ∂zF is continuous
we can interchange the integral and the derivative:
∂zIn(F )(a, z) = n ∂z
∫
π−1n (πn(a))
dη F (b, z) = n
∫
π−1n (πn(a))
dη ∂zF (b, z) = In(∂zF )(a, z)
and this proves the claim.
Because ∂z(In(f)0) = In(∂zf)0 by the above item these functions are pe-
riodic respect to x and equicontinuous. By Proposition 2.20 and the above
item, the equicontinuous derivatives ∂zIn(f) exists and
∂zIn(f) = In(∂zf)
Finally, by the above item again and the last relation, the sequence (∂zIn(f))n∈N
converges uniformly to ∂zf on compact sets.
An inductive argument shows that the result holds for every derivative
of order less than or equal to m and we have the result.

3.2. Application: Puiseux series. To motivate the following discussion, recall
the proof of uniform convergence of the Fourier series of a C1 function: Consider
the Fourier series
f(z) =
∑
i∈Z
aiz
i
such that the series a priori converges in L2. However, by the Cauchy-Schwarz
inequality:
∑
i∈Z
|ai| ≤ |a0|+
(
2
∑
i∈N
1
i2
)1/2(∑
i∈Z
|iai|2
)1/2
= |a0|+ π√
3
||f ′||2 <∞
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and by the Weierstrass M -test we have that the Fourier series actually converges
uniformly.
When we try to reproduce the above argument to a C1 function on the solenoid
it breaks down for: ∑
q∈Q+
1
q2
= lim
n
∑
q∈ 1nN
1
q2
= lim
n
n2
π2
6
=∞
We need a renormalization argument.
Definition 3.5. Ifm divides n (m|n), define the linear operator Rm,n : C(S1,C)→
C(S1,C) such that
Rm,n(f)(x) = m/n
∑
yn/m=x
f(y)
If l|m|n then Rl,m ◦ Rm,n = Rl,n and R defines an inverse system of complex
vector spaces over the divisibility net with inverse limit the complex vector space(
lim
←
C(S1,C), pn
)
. Consider the inverse limit morphisms πn : S
1
Q → S1. By
remark 3.1 the functions In(f) factor through πn:
S1Q
In(f) //
πn

C
S1
fˆn
88qqqqqqqqqqqqq
such that:
fˆn(x) = n
∫
π−1n (x)
daf(a)
If m|n, by definition πn/mn = πm hence:⊔
yn/m=x
π−1n (y) = π
−1
m (x)
for every x ∈ S1. Then,
Rm,n(fˆn)(x) = m/n
∑
yn/m=x
n
∫
π−1n (y)
da f(a) = m
∫
π−1m (x)
da f(a) = fˆm(x)
for every x ∈ S1; i.e. Rm,n ◦ fˆn = fˆm. We have a natural linear morphism I :
C(S1Q,C)→ lim← C(S
1,C) such that I(f) = (fˆn)n∈N. Actually it a monomorphism:
Lemma 3.6. • The linear morphism I is a monomorphism; i.e. I : C(S1Q,C) →֒
lim
←
C(S1,C).
• (gn) = I(f) if and only if (gn ◦ πn)n∈N converges uniformly to f .
Proof:
• Consider a pair of functions f1, f2 ∈ C(S1Q,C) such that I(f1) = I(f2) =
(gn). By definition In(f1) = In(f2) = gn ◦ πn and because of Lemma 3.5
f1 = f2 for the sequence (In(fi))n∈N uniformly converges to fi and the
limit is unique.
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• By definition In(f) = gn ◦ πn and because of Lemma 3.5 (gn ◦ πn)n∈N
converges uniformly to f . For the converse, consider a natural n and let
ǫ > 0. There is a natural N ≥ n such that ||f − gN ◦ πN ||∞ < ǫ. Because
IN (gN ◦ πN ) = gN ◦ πN and ||IN ||∞ = 1 we have ||In(f)− gN ◦ πN ||∞ < ǫ
hence ||fˆN − gN ||∞ < ǫ. By the fact that ||Rn,N ||∞ = 1 we have ||fˆn −
gn||∞ < ǫ and because ǫ > 0 was arbitrary we conclude that fˆn = gn.

Proposition 3.7. For every Cm+1 function f : S1Q → C such that m ≥ 0 its
Puiseux series converges in the Cm-topology.
Proof: Let’s see how the operator Rm,n acts on monomials:
Rm,n(z
λn/m)(x) = m/n
∑
yn/m=x
yλn/m = m/n
∑
yn/m=x
xλ = xλ
for every x ∈ S1 hence Rm,n(zλn/m) = zλ. Consider a natural r such that 1 ≤ r ≤
(n/m)− 1. Choose a solution y′ of the equation yn/m = x. The set of points y/y′
such that yn/m = x is the set of (n/m)-th roots of unity. If r|(n/m) then the set of
points (y/y′)r such that yn/m = x is the set of (n/mr)-th roots of unity otherwise
the set of points is the set of (n/m)-th roots of unity as before. Either way, because
the sum of all k-th roots of unity is zero for arbitrary k, we have that:∑
yn/m=x
yr = y′r
∑
yn/m=x
(y/y′)r = 0
Then, for every x ∈ S1 we have:
Rm,n(z
λn/m+r)(x) =
m
n
∑
yn/m=x
yλn/m+r =
m
n
xλ
∑
yn/m=x
yr = 0
hence Rm,n(z
λn/m+r) = 0 for r = 1, 2, . . . (n/m)− 1.
By remark 3.1 and Lemma 3.5, In(f)0 is Cm+1 and 2πn-periodic hence its
Fourier series converges in the Cm-topology; i.e. we have that:
In(f)(z) =
∑
q∈ 1nZ
a(n)q z
q
and it converges in the Cm-topology for every natural n.
Claim: The coefficients a
(n)
q are independent of n.
In particular we have that:
fˆn(z) =
∑
i∈Z
a
(n)
i/nz
i
and it converges in the Cm-topology for every natural n and because the linear
operator Rm,n is bounded (i.e. continuous, actually ||Rm,n|| = 1) we have:
fˆm(z) = Rm,n(fˆn)(z) = Rm,n
(∑
i∈Z
a
(n)
i/nz
i
)
=
∑
i∈Z
a
(n)
i/nRm,n(z
i) =
∑
i∈Z
a
(n)
i/mz
i
On the other hand:
fˆm(z) =
∑
i∈Z
a
(m)
i/mz
i
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and because the Fourier series is unique we have the identity a
(m)
i/m = a
(n)
i/m for every
pair of naturals m,n such that m|n and every integer i. We proved the claim.
Then, there are coefficients aq ∈ C indexed on the rationals such that:
In(f)(z) =
∑
q∈ 1nZ
aqz
q
and it converges in the Cm-topology for every natural n. By Lemma 3.5, the
sequence (In(f))n∈N converges to f in the Cm+1-topology and we conclude that:
f(z) =
∑
q∈Q
aqz
q
and the series converges in the Cm-topology. Because the solenoid is compact, in
particular it also converges in L2 and because the Puiseux series is unique, we have
the result. 
Corollary 3.8. For every C∞ function f : S1Q → C its Puiseux series converges
in the C∞-topology.
Remark 3.2. Actually, we have proved that the renormalization map acts in the
following way:
In

∑
q∈Q
aqz
q

 = ∑
q∈ 1nZ
aqz
q
where the series converges uniformly.
Corollary 3.9. The linear operator In : Lp(S1Q,C)→ Lp(S1Q,C) has operator norm
||In||p = 1 for every 1 ≤ p ≤ ∞.
Proof: We already have the result for p =∞. Because the operator In acts as a
projection on modes, by Proposition 3.7 we have that, restricted to the C1 functions,
the linear operator In : C1(S1Q,C) → C1(S1Q,C) has operator norm ||In||p = 1 for
every p > 1. Because C1(S1Q,C) is dense in Lp(S
1
Q,C) for every p > 1, there is a
unique extension of In with the same norm. 
Now, with these new tools at hand, we are able to tackle the problem we discuss
at the beginning as a motivation.
Lemma 3.10. Every C1 function on the solenoid has a L1 Puiseux series.
Proof: Consider a C1 function f with its Puiseux series:
f(z) =
∑
q∈Q
aqz
q
and its derivative along the solenoid f ′:
f(z) =
∑
q∈Q
q aqz
q
For every natural n consider the 2π-periodic function In(f)◦ν ◦(n ) and its Fourier
series:
In(f)(ν(nx)) =
∑
j∈Z
bje
ijx
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and see that its derivative respect to x coincides with In(f ′) ◦ ν ◦ (n ):
In(f ′)(ν(nx)) =
∑
j∈Z
j bje
ijx
Because aj/n = bj for every integer j, by Cauchy-Schwartz and Parseval identity
we have:
∑
q∈ 1nZ
|aq| =
∑
j∈Z
|bj| ≤ |b0|+

2∑
j∈N
1
j2


1/2
∑
j∈Z
|j bj |2


1/2
∑
q∈ 1nZ
|aq| =
∑
j∈Z
|bj| ≤ |b0|+

2∑
j∈N
1
j2


1/2
∑
j∈Z
|j bj |2


1/2
= |a0|+ π√
3
||In(f ′) ◦ ν ◦ (n )||2
= . . .
A simple direct calculation shows that ||In(f ′)◦ν ◦(n )||2 = ||In(f ′)||2 and because
||In||2 = 1 by the previous corollary we have:
. . . = |a0|+ π√
3
||In(f ′)||2
≤ |a0|+ π√
3
||f ′||2
Taking the limit on the left hand side we finally have:∑
q∈Q
|aq| ≤ |a0|+ π√
3
||f ′||2

Remark 3.3. Because the solenoid has unit area by definition, the last useful identity
can be written as:
||f ||∞ ≤
∑
q∈Q
|aq| ≤ |a0|+ π√
3
||f ′||∞
4. Ahlfors-Bers theory
4.1. Introduction and Preliminaries. We define the adelic Riemann sphere CˆQ
as the inverse limit of the ramified coverings:
CˆQ = lim Cˆ // . . . Cˆ
pm,n // Cˆ // . . . Cˆ
C∗Q = limC
∗ //?

OO
. . .C∗
pm,n //?

OO
C∗ //
?
OO
. . .C∗
?
OO
with the natural inverse limit maps πˆn : CˆQ → Cˆ where Cˆ is the Riemann sphere.
We have the canonical inclusion C∗Q →֒ CˆQ and the new points:
∞ = [(. . . ,∞,∞,∞)]
0 = [(. . . , 0, 0, 0)]
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Because these are the inverse limit of the ramification points, their topological
nature is quite different from the other points. They are cusps. In particular, every
homeomorphism of CˆQ must fix these new points or permute them. In the following
theory, this fixation will be a constraint of the theory and no longer a choice as in
the classical theory.
Now, we turn to the question of whether continuous maps and differentials on the
algebraic solenoid C∗Q can be extended to the adelic sphere CˆQ.
Lemma 4.1. Consider a continuous (holomorphic) map f and a continuous (holo-
morphic) function limit periodic respect to x function g such that:
C∗Q
f // C
C
g
>>⑦⑦⑦⑦⑦⑦⑦⑦?
ν
OO
Then:
• f can be continuously extended to CQ if and only if there is a complex
number a such that:
lim
y→+∞
||a− g|Im(z)≥y ||∞ = 0
Moreover, the extension is f(0) = a.
• f can be continuously extended to C∗Q∪{∞} if and only if there is a complex
number b such that:
lim
y→−∞
||b− g|Im(z)≤y ||∞ = 0
Moreover, the extension is f(∞) = b.
Proof: We prove the first item for the second one is completely analogous. It
a simple calculus exercise to see that the extension f(0) = a is continuous if and
only if:
lim
r→0
||a− f ||π1(x)|≤r ||∞ = 0
Because f is continuous and the image of the baseleaf ν is dense, the above condition
is equivalent to the one in the statement for π1 ◦ ν(z) = eiz hence |π1(ν(z))| ≤ r if
and only if Im(z) ≥ − log(r) and we have the result. 
Lemma 4.2. Consider continuous (−1, 1)-differentials µ and η on C∗Q and C re-
spectively such that η = ν∗(µ) where ν is the baseleaf. Then, µ has a continuous
extension to the whole adelic sphere CˆQ if and only if there are constants a, b such
that:
lim
y→+∞
||a.e2i Re(z) + η|Im(z)≥y ||∞ = 0
lim
y→−∞
||b.e2i Re(z) + η|Im(z)≤y ||∞ = 0
where η = η(z)d¯z ⊗ ∂z. Moreover, as a function the extension is µ(0) = a and
µ(∞) = b.
Proof: If µ(x) = f(x)dz¯⊗∂z then η(z) = ν∗(µ)(z) = f◦ν(z)(−e−2i Re(z))dz¯⊗∂z.
Because taking the pullback of the differentials only adds a phase −e−2i Re(z) of
unit norm, by Lemma 4.1 we have the result. 
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Lemma 4.3. Consider a continuous (holomorphic) baseleaf preserving map f :
C∗Q → C∗Q such that deg(f) 6= 0 and a continuous (holomorphic) limit periodic
respect to x map g such that the following diagram commutes:
C∗Q
f // C∗Q
C
deg(f)z+g(z) //?

ν
OO
C
?
ν
OO
If |Im(g)| is bounded (If g is a constant) then f has a continuous (holomorphic)
extension fixing 0,∞ to the whole adelic sphere CˆQ.
Proof: Define M and m such that m ≤ Im(g(z)) ≤M for every z ∈ C. Because
Im(deg(f)z + g(z)) > y if Im(z) > (y −m)/deg(f) we have that f is continuous
at zero. Analogously, because Im(deg(f)z + g(z)) < y if Im(z) < (y −M)/deg(f)
we have that f is continuous at ∞. 
By Lemma 2.17, the degree zero case in the above Lemma is Lemma 4.1.
Lemma 4.4. Every holomorphic function of the adelic sphere is a constant:
Hol(CˆQ) ≃ C
Proof: Consider a holomorphic function f : CˆQ → C. Its restriction to the
solenoid (equator) is:
f(ν(x)) =
∑
q∈Q
aqe
iqx
and because it is holomorphic we have:
f(ν(z)) =
∑
q∈Q
aqe
iqz =
∑
q∈Q
aqe
iqxe−qy
Because f is continuous on the adelic sphere CˆQ, by Lemma 4.1 aq = 0 for every
non zero rational q; i.e. f = a0. 
Let’s see how a homeomorphism permute leaves. Consider a homeomorphism h :
C∗Q → C∗Q homotopic to zp/q. Because exp is a local homeomorphism, there is a
homeomorphism hˆ : qZˆ× C→ pZˆ× C such that
qZˆ× C hˆ //
exp

pZˆ× C
exp

C∗Q
h // C∗Q
with the structural condition:
hˆ(a+ q, z) = hˆ(a, z + 2πq) + (p,−2πp)
for every a ∈ qZˆ and z ∈ C.
Because Zˆ is totally disconnected, hˆ maps leaves to leaves; i.e. there are home-
omorphisms s : Zˆ → Zˆ and fa : C → C such that hˆ(a, z) = (s(a), fa(z)). The
structural condition implies s(a + q) = s(a) + p for every a ∈ qZˆ. In particular
we have that s(qn) = s(0) + pn for every integer n and because s is continuous we
have:
s(qa) = s(0) + pa
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for every a ∈ Zˆ. We have proved the following lemma:
Lemma 4.5. Consider a homeomorphism h : C∗Q → C∗Q homotopic to zp/q and a
homeomorphism hˆ : qZˆ× C→ pZˆ× C such that
qZˆ× C hˆ //
exp

pZˆ× C
exp

C∗Q
h // C∗Q
where hˆ(a, z) = (s(a), fa(z)). Then, there is λ ∈ pZˆ such that
s(qa) = λ+ pa
Corollary 4.6. A homeomorphism is leaf preserving if and only if it is homotopic
to the identity.
Proof: Under the notation of the above Lemma, if h is leaf preserving then
s(a) = a + λ such that λ is now an integer. In particular, deg(h) = 1 and by
Lemma 2.14 h is homotopic to z. For the converse, z is leaf preserving and because
the space of leaves Zˆ/Z is totally disconnected h is leaf preserving too. 
Since we want to build a theory of continuous deformations of the identity, the
above corollary shows that we only need leaf preserving homeomorphisms in our
theory.
Definition 4.1. A leaf preserving homeomorphism h of CˆQ is quasiconformal if it
fixes 0,∞ and ha is quasiconformal for every a ∈ Zˆ such that
Zˆ× C hˆ //
exp

Zˆ× C
exp

C∗Q
h // C∗Q
where hˆ(a, z) = (a, ha(z)); i.e. h restricted to every leaf is quasiconformal.
Definition 4.2. We say that µ is a transversally locally constant differential (TLC)
on the adelic sphere if there is some natural n and some L∞ (−1, 1)-differential µn
such that µ = π∗n(µn). We say that µ is a TLC Beltrami differential if µ is TLC
and ||µ||∞ < 1. We denote these differentials as TLC1.
The importance of the TLC Beltami differentials is that they trivially have a quasi-
conformal solution to the respective Beltrami equation: Consider the TLC Beltrami
differential µ = π∗n(µn) and the quasiconformal solution fn to the µn-Beltrami equa-
tion fixing 0, 1,∞. Define the leaf and orientation preserving homeomorphism f
such that:
CˆQ
f //
πn

CˆQ
πn

Cˆ
fn // Cˆ
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Then, f is the quasiconformal solution to the µ-Beltrami equation.
At this point, it is natural to ask for a topology T such that the interior of the
closure of the TLC Beltrami differentials constitute new Beltrami differentials for
which the respective Beltrami equations admit quasiconformal solutions; i.e.:
Bel(CQ) = InteriorTLC1
T
The first natural naive guess would be the L∞ topology T∞ but this won’t work
for:
InteriorTLC1
∞
= LTC∞ (C
∗
Q)1
and there are continuous Beltrami differentials µ on the whole adelic sphere, in par-
ticular transversally continuous, for which there is no solution to the corresponding
Beltrami equation (See example 4.1).
The rest of the chapter is devoted to this problem and we will find a family of
complete metric topologies TS solving it. However, the optimality of these solutions
remains an open problem.
4.2. Adelic Beltrami differentials. In what follows, we will make the following
abuse of notation:
Remark 4.1. Every leaf νa : C →֒ C∗Q is a translation surface modeled on π1 and we
will consider (−1, 1)-differentials; i.e. infinite measurable transversally continuous
sections of the line bundle π∗1 (ω¯ ⊗ ω∗). In pursuit to ease the notation, we will make
the following abuse of notation: Unless confusion, in what follows we will write a
differential µ π∗1(dz⊗∂z) just as µ and denote the space of sections by L∞(C∗Q); i.e.
we will use the same notation to denote the differential and the function. Unless
explicitly written, the context will make clear which one we are using.
Definition 4.3. • An adelic differential is a transversally equicontinuous dif-
ferential on the adelic sphere with the following property: There is a cofinal
totally ordered divisibility subsystem S = (nj)j∈N such that the following
series converge:
∞∑
j=1
nj+1 ||Inj+1(µ)− Inj (µ)||∞ <∞
• An adelic Beltrami differential is an adelic differential µ such that ||µ||∞ <
1.
We will call the above series an S-renormalized average series. The set of adelic
differentials with a convergent S-renormalized average series will be denoted by
RenS . For every µ ∈ RenS we define its renormalized norm as:
||µ||S = n1 ||In1(µ)||∞ +
∞∑
j=1
nj+1 ||Inj+1(µ)− Inj (µ)||∞ <∞
such that S = (nj)j∈N. The set of adelic Beltrami differentials with convergent
S-renormalized average series will be denoted by BelS(CQ). See that every TLC
Beltrami differential is an adelic Beltrami differential respect to every cofinal totally
ordered subsystem S.
Remark 4.2. Is clear that (RenS , || · ||S) is a metric space.
Lemma 4.7. For every totally ordered cofinal divisibility subsystem S we have:
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• The canonical inclusion (RenS , || · ||S) →֒ L∞(C∗Q) is continuous. In par-
ticular, BelS(CQ) ⊂ RenS is open.
• TLCS = RenS. In particular, TLC1 ⊂ BelS(CQ) is a dense subset.
• BelS(CQ) is closed under multiplication by functions λ ∈ L∞(CQ) such that
||λ||∞ ≤ 1. In particular, BelS(CQ) is star shaped respect to zero.
Proof:
• By Lemma 3.2 we have:
µ = In1(µ) +
∞∑
j=1
(Inj+1(µ)− Inj (µ))
Then:
||µ||∞ ≤ ||In1(µ)||∞ +
∞∑
j=1
||Inj+1 (µ)− Inj (µ)||∞
≤ n1 ||In1(µ)||∞ +
∞∑
j=1
nj+1 ||Inj+1(µ)− Inj (µ)||∞ = ||µ||S
and we have that the inclusion is continuous.
• For every ǫ > 0 there is a natural I such that:
∞∑
j=I
nj+1 ||Inj+1 (µ)− Inj (µ)||∞ < ǫ
Because of the fact:
Inj ◦ InI (µ) =
{ Inj (µ) j < I
InI (µ) j ≥ I
we have:
(Inj+1(µ)−Inj+1 (InI (µ)))−(Inj (µ)−Inj (InI (µ))) =
{ Inj+1(µ)− Inj (µ) j ≥ I
0 j < I
then:
||µ− InI (µ)||S =
∞∑
j=I
nj+1 ||Inj+1 (µ)− Inj (µ)||∞ < ǫ
and we have the result for every Ini(µ) is a TLC adelic Beltrami differential.
• Is clear from the definition that ||λ.µ||S ≤ ||µ||S for every λ ∈ L∞(CQ) such
that ||λ||∞ ≤ 1 and S-adelic Beltrami differential µ.

Proposition 4.8. The space (RenS , || · ||S) is a Banach space.
Proof: By the previous Lemma, BelS(CQ) ⊂ RenS is an open set and it only
rest to show that (RenS , || · ||S) is complete. Consider a Cauchy sequence (µn)n∈N
in (RenS , || · ||S). Again by the previous Lemma, the inclusion is continuous and
(µn)n∈N is a Cauchy sequence in (L∞(C
∗
Q), || · ||∞). Because this space is complete,
there is a unique µ ∈ L∞(C∗Q) such that the sequence converges to it respect to the
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|| · ||∞ norm. Because the norm || · ||S is a series of positive terms we can interchange
the limit and series and we have:
lim
n
||µn − µm||S
= lim
n

n1 ||In1(µn − µm)||∞ + ∞∑
j=1
nj+1 ||Inj+1 (µn − µm)− Inj (µn − µm)||∞


= n1 lim
n
||In1(µn − µm)||∞ +
∞∑
j=1
nj+1 lim
n
||Inj+1 (µn − µm)− Inj (µn − µm)||∞
= n1 ||In1(µ− µm)||∞ +
∞∑
j=1
nj+1 ||Inj+1(µ− µm)− Inj (µ− µm)||∞
= ||µ− µm||S
where we have used that In are bounded linear operators respect to the || · ||∞
norm. By the same argument and the fact that (µn)n∈N is a Cauchy sequence we
have:
lim
m
||µ− µm||S = 0
and we conclude that µ ∈ RenS and it is the limit of the Cauchy sequence. 
4.3. Ahlfors-Bers Theorem.
Definition 4.4. Consider a Beltrami differential µ ∈ L∞(CˆQ)1. A solution to the
corresponding Beltrami equation is a leaf-preserving map h such that restricted to
every leaf where the restriction of µ is a Beltrami differential, it is a solution of
the respective Beltrami equation; i.e. Consider the leaf-preserving map hˆ(a, z) =
(a, ha(z)) such that the following diagram commutes:
Zˆ× C hˆ //
exp

Zˆ× C
exp

C∗Q
h // C∗Q
Then, ha is a solution of the Beltrami equation:
∂z¯ha = (νa)
∗(µ) ∂zha
in the distributional sense for every a ∈ Zˆ such that (νa)∗(µ) is a Beltrami differ-
ential2
The following is the adelic version of Ahlfors-Bers theorem and the main Theorem
of the paper:
Theorem 4.9. For every adelic Beltrami differential µ there is a unique quasicon-
formal leaf preserving solution f : CˆQ → CˆQ to the µ-Beltrami equation such that
f fixes 0, 1,∞.
2It may happen that the pullback along a leaf is not an L∞ element. However, by Lemma 3.1
there is a measure zero set of leaves where this can occur.
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Remark 4.3. If f is a continuous solution on the adelic sphere then it is transver-
sally equicontinuous and so must be µ for µ = ∂z¯f/∂zf . Then, the transversally
equicontinuity condition is a necessary condition for the existence of continuous
solutions on the adelic sphere.
Before presenting the proof of the adelic version of the Ahlfors-Bers theorem, it is
important or at least pedagogical to describe some problems within and understand
the capricious nature of the adelic Beltrami differential definition.
Suppose that we have a Beltrami differential on the adelic sphere whose re-
striction to every leaf is a Beltrami differential. By Ahlfors-Bers theorem, there
is a quasiconformal solution ha for every leaf modulo postcompositions with affine
transformations. In particular, the solutions can be chosen such that they verify
the structural constraint:
ha+1(z) + 2π = ha(z + 2π)
for every z ∈ C and a ∈ Zˆ defining this way a leaf preserving map h : CˆQ → CˆQ
fixing 0,∞. However, there is a priori no reason to expect that the resulting map
would be continuous. Is clear that it will be continuous along the leaves but in
general not across them. It’s like drawing a picture separately in every piece of a
puzzle and expect that we get a clear picture after we put the pieces together. We
have decomposed the foliated object in leaves and solved the problem for each leaf.
To assure a continuous solution we need a global structural constraint.
The natural guess is that imposing some notion of transversal continuity to the
Beltrami differential would give the desired continuity of the solution across the
leaves. However, although this is a necessary condition, it is not enough. As the
next example shows, even for a continuous Beltrami differential on the whole adelic
sphere, there is no need to have continuity of the solution across the leaves.
Example 4.1. Consider the following function:
µ(z) =
1
2e
∑+∞
n=1
[
cos(x/n!)− 2iyn! sin(x/n!)
]
e
−
y2
n!2
2n!
1 + 12e
∑+∞
n=1
[
cos(x/n!) + 2iyn! sin(x/n!)
]
e
−
y2
n!2
2n!
dz¯ ⊗ ∂z
where z = x+ iy. Let’s see that it is a Beltrami differential; i.e. ||µ||∞ < 1.
Define:
h±(n)(z) =
1
2n!
e±ix/n! (1∓ 2y/n!) e
− y
2
n!2
2
where z = x+ iy. Because ||h±(n)||∞ < 1/2n! and the identity:
h+(n)± h−(n) =
[
cos(x/n!)∓ 2iy
n!
sin(x/n!)
]
e−
y2
n!2
2n!
we have that each term of the sum has supremum norm less than 1/n! hence the
supremum norm of the sum is less than e − 1. We conclude that:
||µ||∞ <
1
2e(e− 1)
1− 12e (e− 1)
=
e− 1
e+ 1
< 1/2
Because it is limit periodic respect to x and decays to zero when y tends to ±∞,
by Lemmas 2.16 and 4.2 there is a continuous adelic Beltrami differential µˆ on C∗Q
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with a continuous extension to the whole adelic sphere CˆQ as a function such that
µ = ν∗(µˆ) where ν is the baseleaf.
However, the quasiconformal solution of the µ-Beltrami equation:
wµ(z) = z +
1
2e
+∞∑
n=1
sin(x/n!)e−
y2
n!2
is not of the type z+g(z) with g limit periodic respect to x and by lemma 2.13 it is
not the conjugation of any continuous map of the adelic sphere CˆQ by the baseleaf
ν; i.e. There is no continuous map wˆ such that
C
wµ //
ν

C
ν

CˆQ
wˆ // CˆQ

The above example shows that we still need some other global structural condition
on the Beltrami differential to assure the continuity of its solution. This is precisely
the convergence of the renormalized average series : There is a cofinal totally ordered
divisibility subsequence S = (nj)j∈N such that the following series converge:
(8)
∞∑
j=1
nj+1 ||Inj+1(µ)− Inj (µ)||∞ <∞
4.4. Proof of the Theorem. The following definitions and Lemmas are the pre-
lude to the Ahlfors-Bers theorem:
Theorem 4.10. Consider k such that 0 ≤ k < 1. Then, there exists a real number
p > 2 only depending on k such that: For every Beltrami differential µ ∈ L∞(C)1
with ||µ||∞ ≤ k and compact support there is a unique quasiconformal map f : C→
C such that f(0) = 0 and fz−1 ∈ Lp(C) (globally and not merely locally) verifying:
fz¯ = µfz
on C in the sense of distributions.
A map verifying the conditions of the theorem will be called a normal quasiconfor-
mal solution. The previous Theorem can be found in [Ah], [IT].
Lemma 4.11. If f is a normal solution of the µ-Beltrami equation such that µ has
compact support, then there are constants A and p > 2 such that:
|f(ζ)− ζ| ≤ A||µ||∞|ζ|1−2/p
Moreover, the constant A is monotone respect to the area of the µ support and
depends also on p.
Proof: By general theory [Ah], [IT], there is 2 < p <∞ such that:
f(z) = P (fz¯)(z) + z
where P is the following linear operator on Lp(C):
Ph(ζ) = − 1
π
∫ ∫
C
h(z)
(
1
z − ζ −
1
z
)
dxdy
ADELIC AHLFORS-BERS THEORY 39
for every h ∈ Lp(C) and ζ ∈ C. For any p such that 2 < p < ∞ and every
h ∈ Lp(C), Ph is uniformly Ho¨lder continuous with exponent 1 − 2/p and verifies
Ph(0) = 0. Moreover, there is a constant Kp depending only on p such that:
|Ph(ζ)| ≤ Kp||h||p|ζ|1−2/p
for every ζ ∈ C. The map µ 7→ fz¯ ∈ Lp(C) from the space of Beltrami differentials
with compact support is Lipschitz continuous; i.e. There is a constant C such that:
||fz¯||p ≤ C||µ||p ≤ C Area(support(µ))1/p||µ||∞
Combining these relations, there is 2 < p <∞ such that:
|f(z)− z| = |P (fz¯)(z)| ≤ Kp||fz¯||p|z|1−2/p
≤
(
KpC Area(support(µ))
1/p
)
||µ||∞|z|1−2/p
and we have the Lemma. 
Lemma 4.12. If f is a normal solution of the µ-Beltrami equation such that µ has
compact support, then there are constants B and p > 2 such that:
|ζ| ≤ B||µ||∞|f(ζ)|1−2/p + |f(z)|
Moreover, the constant B is monotone respect to the area of the µ support and
depends also on p.
Proof: Consider the inverse normal homeomorphism f−1 with Beltrami differ-
ential µf−1 such that:
µf−1 ◦ f = −
fz
fz
µ
Then, Ho¨lder’s inequality gives:∫ ∫
C
|µf−1 |p dxdy =
∫ ∫
C
|µ|p(|fz|2 − |fz¯|2) dxdy
≤
∫ ∫
C
|µ|p|fz|2 dxdy =
∫ ∫
C
|µ|p−2|fz¯|2 dxdy
≤
(∫ ∫
C
|µ|p dxdy
) p−2
p
(∫ ∫
C
|fz¯|p dxdy
) 2
p
= ||µ||p−2p ||fz¯||2p ≤ ||µ||p−2p
(
C||µ||p
)2
= C2||µ||pp
and we conclude that:
||µf−1 ||p ≤ C2/p||µ||p
In the same way as in the previous proof, there is a constant C′ (actually C′ = C)
such that:
||(f−1)z¯ ||p ≤ C′||µf−1 ||p ≤ C′C2/p Area(support(µ))1/p||µ||∞
and proceeding just as in the above Lemma, we have:
|f−1(z)− z| ≤ B||µ||∞|z|1−2/p
such that:
B = KpC
′C2/p Area(support(µ))1/p
Substitution of z = f(ζ) and triangular inequality gives the desired result. 
Consider a Beltrami differential µ ∈ L∞(C∗Q)1. For every natural n, define
the Beltrami differential µn ∈ L∞(C∗)1 such that (Recall remark 4.1) In(µ) =
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π∗n(µn). Consider the quasiconformal normal solution fn : Cˆ → Cˆ of the µn-
Beltrami equation such that f(0) = 0 and fz − 1 ∈ Lp(C), p > 2. If n|L, define the
maps f↑Ln and fˆn such that:
CˆQ
fˆn //
πL

CˆQ
πL

Cˆ
f↑Ln //
zL/n

Cˆ
zL/n

Cˆ
fn // Cˆ
Lemma 4.13. • The map f↑Ln is a quasiconformal normal solution of the
µ↑Ln -Beltrami equation such that µ
↑L
n = (z
L/n)∗(µn). Moreover, (f
↑L
n )z−1 ∈
Lp(C) with the same p > 2 as the one we used for fn.
• The composition of quasiconformal normal maps is a quasiconformal nor-
mal map.
Proof:
• Define n′ = L/n. First, let’s see that f↑Ln is quasiconformal homeomor-
phism:
– It is an orientation preserving homeomorphism: Because zn
′
is a cov-
ering and fn is an orientation preserving homeomorphism then f
↑L
n is
so.
– It is quasiconformal: This is immediate from the geometric definition
G of quasiconformal mappings in [Ah] for the covering zn
′
is holomor-
phic.
Locally, the map z1/n
′
is defined outside zero and we have f↑Ln = z
1/n′ ◦
fn ◦ zn′. Then,
∂zf
↑L
n (z) = fn(z
n′)1/n
′−1 ∂zfn(z
n′) zn
′−1
∂z¯f
↑L
n (z) = fn(z
n′)1/n
′−1 ∂z¯fn(z
n′) z¯n
′−1
Because ∂z¯fn = µ ∂zfn we have:
∂z¯f
↑L
n =
(
µ ◦ zn′ z¯
n′−1
zn′−1
)
∂zf
↑L
n = µ
↑L
n ∂zf
↑L
n
hence f↑Ln is a solution to the Beltrami equation with Beltrami differential
µ↑Ln .
Now, let’s see that it is normal. Consider the normal quasiconformal
solution g to the µ↑Ln -Beltrami equation. Because g and f
↑L
n are quasi-
conformal solutions of the same equation and both fix the origin (and ∞),
there is a non zero λ such that g = λf↑Ln . Locally it means that:
(9) g(z)n
′
= λfn(z
n′)
for every z ∈ C. Because µ↑Ln has compact support, they are both univalent
outside a disk of sufficiently large radius R and we can write:
fn(z) = z + b0 +
b1
z
+
b2
z2
+ . . .
ADELIC AHLFORS-BERS THEORY 41
and an analogous expression for g outside the disk. Substituting these
expansions in equation (9) and comparing the leading term we get λ = 1.
Because of the following relation:
||µ↑Ln ||∞ = ||(zn
′
)∗µn||∞ = ||µn||∞ ≤ k
by Theorem 4.10 (f↑Ln )z − 1 ∈ Lp(C) with the same p > 2 as the one we
used for fn and the claim is proved.
• Consider the quasiconformal normal maps f1 and f2 with respective Bel-
trami differentials µ1 and µ2. Their composition is a quasiconformal map
fixing the origin with Beltrami differential µ with compact support. Con-
sider the quasiconformal normal solution g to the µ-Beltrami equation.
Again, because g and f1 ◦f2 are quasiconformal solutions of the same equa-
tion and both fix the origin (and ∞), there is a non zero λ such that:
(10) g = λf1 ◦ f2
In the same way as before, because µ, µ1 and µ2 have compact support,
they are univalent outside a disk of sufficiently large radius R and we can
write:
g(z) = z + b0 +
b1
z
+
b2
z2
+ . . .
and an analogous expressions for f1 and f2 outside the disk. Substituting
these expresions in equation (10) and comparing the leading terms we get
λ = 1 just as before. This proves the claim.

Remark 4.4. The above Lemma explains why we choose this normalization. The
Douady-Hubbard normalization f(z)−z ∈ O(1/|z|) is easy to work with but doesn’t
necessarily fix the origin and as we said before, this is no longer a choice but a
constraint of this theory. The normalization f(0) = 1 and f(1) = 1 is compatible
with the maps z 7→ zn of the inverse system. However, it is very difficult to control
the growth of the maps in terms of their respective Beltrami differentials. The
above Lemma shows that the chosen normalization is compatible with the inverse
system with the advantage of having some control on the maps.
Ifm|n|L define f↑Ln,m = f↑Ln ◦(f↑Lm )−1. See that fˆn,m = fˆn◦fˆ−1m . The quasiconformal
normal map f↑Ln,m is the solution of the µ
↑L
n,m-Beltrami equation such that:
f∗m(µ
↑L
n,m) =
µ↑Ln − µ↑Lm
1− µ↑Ln µ↑Lm
dz ⊗ ∂z
where µ↑Ln and µ
↑L
m on the right side denote the functions and not the differentials
(recall remark 4.1). Because ||In||∞ = 1 for every natural n, we have ||µ↑Ln ||∞ =
||In(µ)||∞ ≤ ||µ||∞ for every natural L such that n|L. We also have:
(11) ||µ↑Ln,m||∞ ≤
||µ↑Ln − µ↑Lm ||∞
1− ||µ↑Ln ||∞||µ↑Lm ||∞
≤ ||In(µ)− Im(µ)||∞
1− ||µ||2∞
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for every m|n|L, where the last step follows from the following calculation:
‖ µ↑Ln − µ↑Lm ‖∞ = ‖ π∗L(µ↑Ln − µ↑Lm ) ‖∞
= ‖ π∗L((zL/n)∗µn − (zL/m)∗µm) ‖∞
= ‖ π∗L((zL/n)∗µn)− π∗L((zL/m)∗µm) ‖∞
= ‖ π∗n(µn)− π∗m(µm) ‖∞
= ‖ In(µ)− Im(µ) ‖∞
See that the right hand side of relation (11) doesn’t depend on L.
Lemma 4.14. Consider a Beltrami differential µ ∈ L∞(CQ)1 with compact sup-
port. Suppose there is a subsequence (ni)i∈N of the divisibility net such that:
lim
i→∞
‖ Ini(µ)− Ini−1(µ) ‖∞= 0
Let L = nJ . Then, there are constants A and A
′ such that:
• If i ≤ J then
|πL ◦ fˆni(x)| ≤ (1 +A||Ini(µ)||∞) max{ 1, |πL(x)| }
|πL ◦ fˆni(x)| ≤
(
1 +A′||Ini(µ)− Ini−1(µ)||∞
)
max{ 1, |πL ◦ fˆni−1(x)| }
• If i > J then
|πL◦fˆni(x)| ≤ (1+A||IL(µ)||∞)e
A′
L
∑i−1
j=J nj+1 ||Inj+1(µ)−Inj (µ)||∞ max{ 1, |πL(x)| }
Proof: By hypothesis, equation (11) and the fact that:
||µ↑Lni ||∞ = ||Ini(µ)||∞ ≤ ||µ||∞ < 1
for every natural i, we conclude that:
k = max
{
||µ||∞, ||µ↑Lni ||∞, ||µ↑Lnj ,nj−1 ||∞ such that i, j ∈ N
}
< 1
Hence, by Lemma 4.10 we can take the same value p > 2 for all the maps f↑Lni and
f↑Lni,ni−1 . Because the supports of all µ
↑L
ni and µ
↑L
ni,ni−1 are uniformly bounded:
supp
(
µ↑Lni
)
, supp
(
µ↑Lni,ni−1
) ⊂ π1(support(µ)) ∪D(0; 1)
by Lemma 4.11 we can also take the same constant A for all the maps f↑Lni and
f↑Lni,ni−1 . Then we have:
|πL ◦ fˆni(x)| = |f↑Lni (πL(x))|
≤ A ||µ↑Lni ||∞ |πL(x)|1−2/p + |πL(x)|
≤ A ||Ini(µ)||∞ |πL(x)|1−2/p + |πL(x)|
≤ (1 +A||Ini(µ)||∞) max{ 1, |πL(x)| }
In particular,
(12) |πL ◦ fˆL(x)| ≤ (1 +A||IL(µ)||∞) max{ 1, |πL(x)| }
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For the second:
|πL ◦ fˆni,ni−1(x)| = |f↑Lni,ni−1(πL(x))|
≤ A′ ||Ini(µ)− Ini−1(µ)||∞ |πL(x)|1−2/p + |πL(x)|
≤ (1 +A′ ||Ini(µ)− Ini−1(µ)||∞) max{ 1, |πL(x)| }
where A′ = A/(1− k2). Because fˆni = fˆni,ni−1 ◦ fˆni−1 the result follows.
Finally, for the third assertion we have:
|πnj ◦ fˆnj ,nj−1(x)| = |fnj,nj−1(πnj (x))|
≤ A′ ||Inj (µ)− Inj−1 (µ)||∞ |πnj (x)|1−2/p + |πnj (x)|
≤
(
A′anj
nj
+ 1
)
max{ 1, |πnj (x)| }
where anj = nj ||Inj (µ) − Inj−1(µ)||∞. Because πnj/Lnj = πL we have:
|πL ◦ fˆnj ,nj−1(x)| = |πnj ◦ fˆnj ,nj−1(x)|nj/L
≤
(
A′anj
nj
+ 1
)nj/L
max{ 1, |πnj (x)| }nj/L
≤ eA
′
L anj max{ 1, |πL(x)| }
In particular, because the right hand side of the above equation is greater than or
equal to one, then:
(13) max{ 1, |πL ◦ fˆnj ,nj−1(x)| } ≤ e
A′
L anj max{ 1, |πL(x)| }
and by the same argument, relation (12) implies:
(14) max{ 1, |πL ◦ fˆL(x)| } ≤ (1 +A||IL(µ)||∞) max{ 1, |πL(x)| }
Because
fˆni = fˆni,ni−1 ◦ fˆni−1,ni−2 . . . ◦ fˆnJ+1,nJ ◦ fˆL
induction on relation (13) and relation (14) imply:
|πL◦fˆni(x)| ≤ max{ 1, |πL◦fˆni(x)| } ≤ (1+A||IL(µ)||∞)e
A′
L
∑i−1
j=J anj+1 max{ 1, |πL(x)| }
and the result follows. 
Corollary 4.15. Consider a Beltrami differential µ ∈ L∞(CQ)1 with compact sup-
port. If there is a subsequence (ni)i∈N of the divisibility net such that the renormal-
ized average series converge:
∞∑
j=1
nj+1 ||Inj+1(µ)− Inj (µ)||∞ <∞
Then, for every natural i ≥ J :
|πL ◦ fˆni(x)| ≤ (1 +A||IL||∞)e
A′
L
∑∞
j=J nj+1 ||Inj+1(µ)−Inj (µ)||∞ max{ 1, |πL(x)| }
where L = nJ and A,A
′ are constants.
Proof: The convergence of the series implies the hypothesis of the previous
Lemma 4.14. Taking the limit i → ∞ on the right hand side of the relation gives
the result. 
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Lemma 4.16. Under the same hypothesis of corollary 4.15 above we have:
|πL(x)| ≤ (1 +B||IL||∞)e
B′
L
∑∞
j=J nj+1 ||Inj+1(µ)−Inj (µ)||∞ max{ 1, |πL ◦ fˆni(x)| }
where L = nJ and B,B
′ are constants.
Proof: The proof is almost verbatim to the proof of Lemma 4.14 with refernce
to Lemma 4.12 instead of 4.11. 
Lemma 4.17. Under the same hypothesis of corollary 4.15, for every natural L
there is a constant ML ≥ 1 such that:
|πL◦ fˆni+1(x)−πL ◦ fˆni(x)| ≤
A′
L
ni+1 ||Ini+1(µ)−Ini (µ)||∞ ML max{ 1, |πL(x)| }
for every i ≥ J where L = nJ and A′ is a constant.
Proof: We take the same values of k < 1, p > 2 and constants A and A′ =
A/(1− k2) as those in the proof of Lemma 4.14. Denote n = ni and m = ni−1. By
Lemma 4.11 and relation (11) we have:
(15) |fn,m(πn(x)) − πn(x)| ≤ A′ ‖ In(µ)− Im(µ) ‖∞| πn(x) |1−2/p
where A′ = A/(1 − k2) and ‖ µ ‖∞= k. Define n′ = n/L. Lagrange Theorem
implies:
|πL ◦ fˆn,m(x)− πL(x)| = |fn,m(πn(x))n′ − πL(x)|
≤ n′ |ξ|n′−1 |fn,m(πn(x)) − πn(x)|(16)
for some ξ in the interior of the segment joining πn ◦ fˆn,m(x) and πn(x). In partic-
ular,
|ξ|n′−1 ≤ max{ |πn(x)|, |πn ◦ fˆn,m(x)| }n′−1
= max{ |πL(x)|, |πL ◦ fˆn,m(x)| }1−1/n′(17)
Equations 15, 16 and 17 imply:
|πL ◦ fˆn,m(x)− πL(x)| ≤ A
′
L
n ||In(µ)− Im(µ)||∞ . . .
. . .max{ |πL(x)|, |πL ◦ fˆn,m(x)| }1−1/n′ | πL(x) |(1−2/p)1/n′(18)
In particular, because fˆn = fˆn,m ◦ fˆm we have:
|πL ◦ fˆn(x) − πL ◦ fˆm(x)| ≤ A
′
L
n ||In(µ)− Im(µ)||∞ . . .
. . .max{ |πL ◦ fˆm(x)|, |πL ◦ fˆn(x)| }1−1/n′ | πL ◦ fˆm(x) |(1−2/p)1/n′(19)
By the previous corollary 4.15 there is a constant ML such that:
(20) |πL ◦ fˆni(x)| ≤ML max{ 1, |πL(x)| }
for every i ≥ J where L = nJ . This bound implies:
|πL ◦ fˆni+1(x)− πL ◦ fˆni(x)|
≤ A
′
L
ni+1 ||Ini+1(µ)− Ini(µ)||∞ (ML max{ 1, |πL(x)| })1−2/pn
′
≤ A
′
L
ni+1 ||Ini+1(µ)− Ini(µ)||∞ ML max{ 1, |πL(x)| }(21)
where we have used that ML max{ 1, |πL(x)| } ≥ 1 and the formula is proved. 
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Lemma 4.18. Under the same hypothesis of corollary 4.15, there is a continuous
leaf preserving map fˆ : CˆQ → CˆQ such that (fˆni)i∈N converges pointwise to fˆ .
Proof: For each L = nJ , Lemma 4.17 implies that (πL ◦ fˆni)i∈N is a uniform
Cauchy sequence on compact sets so there is a continuous function gL : CQ → C
such that the sequence (πL ◦ fˆni)i∈N converges uniformly to gL on compact sets.
Consider another L′ = nJ′ such that J
′ > J . Because zL
′/L ◦ πL′ ◦ fˆni = πL ◦ fˆni
for every i ≥ J ′ and the continuity of zL′/L we have that zL′/L ◦ gL′ = gL. By the
universal property of inverse limits there is a unique function fˆ : CQ → CQ such
that πni ◦ fˆ = gni for every natural i. Because every gni is continuous we have
that fˆ is continuous and verifies that (πL ◦ fˆni)i≥J converges uniformly to πL ◦ fˆ
on compact sets. In particular, (fˆni)i∈N converges pointwise to fˆ .
Let’s see that fˆ is proper: Consider a compact set K ⊂ CˆQ. The compact K is
closed for every compact subset of a Hausdorff space is also compact and because
fˆ is continuous, fˆ−1(K) is closed. By Lemma 4.16 and the fact that (fˆni)i∈N
converges pointwise to fˆ , we have that for every L = nJ there is a constant M
′
L
such that:
|πL(x)| ≤M ′L|πL ◦ fˆ(x)|
Choose some natural L = nJ . Define R such that d(0, πL(K)) = R < ∞ for πL is
continuous; i.e. πL(K) is compact. By the above relation we have that
d(0, πL(fˆ
−1(K))) ≤M ′LR
and because πL is proper, the closed set fˆ
−1(K) is contained in the compact
π−1L (D(0;M
′
LR)) hence fˆ
−1(K) is compact and we have the claim.
In particular, the extension fˆ : CˆQ → CˆQ such that fˆ(∞) =∞ is continuous and
because fˆni(∞) =∞ for every natural i, we have that (fˆni)i∈N converges pointwise
to fˆ on CˆQ. In particular, by definition every fˆni is leaf preserving and so is fˆ .
This finishes the proof. 
Theorem 4.19. For every adelic Beltrami differential µ there is a unique quasi-
conformal leaf preserving solution f : CˆQ → CˆQ to the µ-Beltrami equation such
that f fixes 0, 1,∞.
Proof: Without loss of generality, we assume that the restriction of the Beltrami
differential on every leaf is a Beltrami differential (recall Lemma 3.1).
(Uniqueness) Suppose that f and g are quasiconformal solutions to the µ-Beltrami
equation fixing 0, 1,∞. Then, f ◦ g−1 is leaf preserving 1-quasiconformal fixing
0, 1,∞. By Lemmas 2.13, 2.14 and Corollary 4.6 there is a holomorphic limit
periodic respect to x function h such that ν−1 ◦ f ◦ g−1 ◦ ν(z) = z+h(z) where ν is
the baseleaf. On the other hand, by Weyl’s Lemma ν−1◦f ◦g−1◦ν is a holomorphic
homeomorphism of C; i.e. an affine transformation. Because it fixes zero, we have
that ν−1 ◦ f ◦ g−1 ◦ ν = id hence f ◦ g−1 = id and f = g.
(Existence) First suppose that µ has compact support in CQ. Consider an arbitrary
leaf ν : C → C∗Q ⊂ CˆQ. Under the same notation and definitions as before, by
Lemma 4.18 there is a continuous baseleaf preserving map fˆ : CˆQ → CˆQ such that
(fˆni)i∈N converges pointwise to fˆ . By Lemmas 4.15 and 4.16, actually we have the
restriction fˆ : C∗Q → C∗Q and because fˆni and fˆ are leaf preserving, the compositions
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ν−1◦ fˆni ◦ν and ν−1◦ fˆ ◦ν are well defined. Moreover the sequence (ν−1◦ fˆni ◦ν)i∈N
converges pointwise to ν−1 ◦ fˆ ◦ ν.
Claim: The maps ν−1 ◦ fˆni ◦ ν are quasiconformal solutions of the respectives
ν∗(Ini(µ))-Beltrami equations. We have the following diagram:
C∗Q
fˆni //
πni

C∗Q
πni

C
eiz/ni
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆ //
ν−1◦fˆni◦ν+

ν
88qqqqqqqqqqqqq
C
eiz/ni
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
+

ν
88qqqqqqqqqqqqq
C
fni // C
Because the front, behind , left and right faces commute, the bottom face commutes.
We already know that ν−1 ◦ fˆni ◦ ν is continuous by Lemma 2.13 (or just because
it is conjugated to a continuous function by a covering map). Locally the inverse
of the map eiz/ni exists and we have
∂z
(
ν−1 ◦ fˆni ◦ ν
)
= ∂z
(
(eiz/ni)−1 ◦ fni ◦ eiz/ni
)
Because ∂zfni ∈ L2,loc(C), by the above identity the same holds for ∂z
(
ν−1 ◦ fˆni ◦ ν
)
.
An analogous result holds for the other derivative. Finally, ν−1 ◦ fˆni ◦ ν is the so-
lution of the Beltrami equation with Beltrami differential
(eiz/ni)∗(µni) = (πni ◦ ν)∗(µni) = (ν)∗(πni)∗(µni) = (ν)∗(Ini(µ))
This proves the claim.
Define the affine maps Ai(z) = aiz + bi such that A
−1
i ◦ ν−1 ◦ fˆni ◦ ν is the qua-
siconformal solution of the ν∗(Ini(µ))-Beltrami equation fixing 0, 1,∞ (See remark
4.5 below). Concretely:
ai = ν
−1 ◦ fˆni ◦ ν(1)− ν−1 ◦ fˆni ◦ ν(0)
bi = ν
−1 ◦ fˆni ◦ ν(0)
Because (fˆni)i∈N converges pointwise to fˆ , the sequence of affine maps (Ai)i∈N
converges locally uniformly to the map A(z) = az + b such that:
a = ν−1 ◦ fˆ ◦ ν(1)− ν−1 ◦ fˆ ◦ ν(0)
b = ν−1 ◦ fˆ ◦ ν(0)
A priori a could be zero. Define the map g as the quasiconformal solution of the
ν∗(µ)-Beltrami equation fixing 0, 1,∞. Because Ini(µ) tends to µ in L∞(CQ) we
have that ν∗(Ini(µ)) tends to ν∗(µ) in L∞(C) and by Lemma 4.20 we conclude
that:
A−1i ◦ ν−1 ◦ fˆni ◦ ν → g
locally uniformly. Then:
ν−1 ◦ fˆni ◦ ν = Ai ◦A−1i ◦ ν−1 ◦ fˆni ◦ ν → A ◦ g
and we conclude that:
ν−1 ◦ fˆ ◦ ν = A ◦ g
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Because fˆ is continuous and fixes 0,∞ it cannot be constant. In particular a 6= 0
and we have that ν−1 ◦ fˆ ◦ ν is a quasiconformal solution of the ν∗(µ)-Beltrami
equation for every leaf ν. Finally, fˆ is a homeomorphism for every continuous
bijective map between compact sets is a homeomorphism. We have proved that
fˆ is quasiconformal. Multiplying by fˆ(1)−1 we have the quasiconformal solution
fixing 0, 1,∞.
Now we remove the hypothesis of the compact support of µ by the standard
well known trick: Define µ1 = µ.χ|π1(z)|≥1 and consider the Mo¨bius inversion γ :
CˆQ → CˆQ such that γ(z) = 1/z. Because γ∗(µ1) has compact support on CQ, by the
previous part there is a unique quasiconformal leaf preserving solution g : CˆQ → CˆQ
to the γ∗(µ1)-Beltrami equation such that g fixes 0, 1,∞. Define f1 such that the
following diagram commutes:
CˆQ
g //
γ

CˆQ
γ

CˆQ
f1 // CˆQ
Claim: The map f1 is the quasiconformal solution of the µ1-Beltrami equation
fixing 0, 1,∞: Because γ and g are homeomorphisms fixing 0, 1,∞ so is f1. For
every leaf νa we have the diagram:
C
ν−1−a◦g◦ν−a //
−z

 s
ν−a
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼ C

−z
 s
ν−a
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
CˆQ
g //
γ

CˆQ
γ

C // s
νa
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
ν−1a ◦f1◦νa
C  s
νa
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
CˆQ
f1 // CˆQ
Because every νa is injective and the left, right, top, bottom and front sides com-
mute we have that the back face also commutes. By definition ν−1−a ◦ g ◦ ν−a is a
quasiconformal solution of the ν∗−a ◦ γ∗(µ1)-Beltrami equation so ν−1a ◦ f1 ◦ νa is a
quasiconformal solution of the (−z)∗ ◦ ν∗−a ◦ γ∗(µ1)-Beltrami equation. We have:
(−z)∗ ◦ ν∗−a ◦ γ∗(µ1) = (γ ◦ ν−a ◦ (−z))∗(µ1) = ν∗a(µ)
and this proves the claim.
Define the adelic differential µ2 such that (recall remark 4.1):
f∗1 (µ2) =
µ− µ1
1− µµ1 dπ1 ⊗ (dπ1)
−1
We have:
ν∗a(µ) = (µ ◦ νa)
(π1 ◦ νa)′
(π1 ◦ νa)′ = (µ ◦ νa)
(eiz)′
(eiz)′
= −e−i(z+z¯)(µ ◦ νa) = µa
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and a similar expression and definition for ν∗a(µ1):
ν∗a(µ1) = −e−i(z+z¯)(µ1 ◦ νa) = µ1,a
A similar calculation gives:
(f1 ◦ νa)∗(µ2) = ν∗a(f∗1 (µ2)) = −e−i(z+z¯)
(
µ− µ1
1− µµ1
)
◦ νa = µa − µ1,a
1− µaµ1,a
Because µ2 has compact support on CQ there is a unique quasiconformal leaf pre-
serving solution f2 to the µ2-Beltrami equation fixing 0, 1,∞. Define the map
f = f2 ◦ f1. It is clearly quasiconformal leaf preserving and fixes 0, 1,∞ for it is
the composition of maps of the same kind. Because:
ν−1a ◦ f ◦ νa = ν−1a ◦ f2 ◦ f1 ◦ νa = (ν−1a ◦ f2 ◦ νa) ◦ (ν−1a ◦ f1 ◦ νa)
and the following fact:
(ν−1a ◦ f1 ◦ νa)∗(ν∗a(µ2)) = (f1 ◦ νa)∗(µ2) =
µa − µ1,a
1− µaµ1,a
we conclude that ν∗a(µ) = µa is the Beltrami differential of ν
−1
a ◦f ◦νa for every leaf
νa; i.e. f is the unique quasiconformal solution to the µ-Beltrami equation fixing
0, 1,∞. 
Remark 4.5. At first sight it seems there is something terribly wrong in the above
proof: While fˆ fixes 0,∞ and has only one degree of freedom as a solution of the µ-
Beltrami equation, its conjugated map ν−1 ◦ fˆ ◦ν has two degrees of freedom. Why
the conjugated map has an extra degree of freedom? Let’s see: The conjugated map
has the same freedom as fˆ plus the property of being uniformly limit periodic on
horizontal bands. Once this last property is destroyed by an affine transformation,
an extra degree of freedom comes out.
Remark 4.6. We have also proved that:
• The map fˆ in Lemma 4.18 is in fact quasiconformal.
• A 1-quasiconformal map of CˆQ fixing 0, 1,∞ is the identity.
The following Lemma is Proposition 4.36 of [IT]:
Proposition 4.20. If µn tends to µ in L∞(C) then f
µn tends to fµ locally uni-
formly.
Lemma 4.21. Consider adelic Beltrami differentials µn, µ and consider their re-
spective quasiconformal solutions fn, f of the Beltrami equation fixing 0, 1,∞. If
(µn)n∈N converges to µ in L∞(CQ), then (fn)n∈N converges pointwise to f .
Proof: Because (µn)n∈N converges to µ then (ν
∗
a(µn))n∈N converges to ν
∗
a(µ):
||ν∗a(µn)− ν∗a(µ)||∞ ≤ ||ν∗a(µn − µ)||∞ ≤ ||µn − µ||∞ → 0
for ||νa||∞ = 1 for every leaf νa. By Proposition 4.20 the quasiconformal maps
ν−1a ◦ fn ◦ νa converge locally uniformly to ν−1a ◦ f ◦ νa for every leaf νa. We have
the result. 
Corollary 4.22. Consider adelic Beltrami differentials µn, µ and consider their
respective quasiconformal solutions fn, f of the Beltrami equation fixing 0, 1,∞.
If (µn)n∈N converges to µ in the Banach space (BelS(CQ), || · ||S), then (fn)n∈N
converges pointwise to f .
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As a final remark, consider the morphism φ : Zˆ×C→ S1Q×S1 given by φ(a, x+iy) =
(exp(a, x), eiy). Because Ker(φ) = Ker(exp) the morphism factors through exp
and we have the commutative diagram:
C∗Q
p // S1Q × S1
Zˆ× C
exp
bb❉❉❉❉❉❉❉❉ φ
::✉✉✉✉✉✉✉✉
The deck transformations group of the covering p : C∗Q → S1Q × S1 is generated by
multiplication of ν(2πi) on the algebraic solenoid where ν is the baseleaf: T (z) =
ν(2πi)z for every z ∈ C∗Q.
Consider a group G acting on the algebraic solenoid C∗Q. Define the space of G-
invariant S-adelic Beltrami differentials BelS(C∗Q; G) as the set of differentials
µ ∈ BelS(C∗Q) such that g∗(µ) = µ for every g ∈ G. In particular, we have an
Ahlfors-Bers theory on the torus S1Q × S1:
BelS(S
1
Q × S1) = BelS(C∗Q; 〈T 〉)
and a Teichmu¨ller space of this adelic torus:
TS(S
1
Q × S1) = BelS(C∗Q; 〈T 〉)/ ∼
where the equivalence relation is the same as the one in the Ahlfors-Bers model:
µ ∼ ν if fµ and fν coincide on the boundary S1Q.
Remark 4.7. The 2-adic case of the above construction, S12 × S1, is the second
example in [Su]. As it was commented there, this is the basic solenoidal surface
required in the dynamical theory of Feigenbaum’s Universality [Fe]. We hope that
our theory of adelic Beltrami differentials could contribute to the linking between
this universality and the Ahlfors-Bers one.
4.5. Infinitesimal deformations. Now we turn the discussion to infinitesimal
deformations. We discuss it in the general case and then apply it to the p-adic
case. We need an appropriate notion of f˙ [η] where η ∈ T0BelS(CQ) = RenS (See
remark 4.8).
Lemma 4.23. Consider ν ∈ L∞(C). Then,
f˙
[
(zk)∗ν
]
= (zk)∗
(
f˙ [ν]
)
for every natural k.
Proof: Consider the quasiconformal solutions fµ(t) and f (z
k)∗µ(t) of the µ(t) and
(zk)∗µ(t)-Beltrami equations respectively fixing 0, 1,∞ such that µ(t) = tν+O(t2).
Unicity of the solutions imply the following commutative diagram:
C
f(z
k)∗µ(t)
//
zk

C
zk

C
fµ(t) // C
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Because (zk)∗µ(t) = t (zk)∗ν +O(t2), deriving respect to t gives:
f˙
[
(zk)∗ν
]
(ζ) = f˙ [ν] (ζk)
1
k ζk−1
= (zk)∗
(
f˙ [ν]
)
(ζ)
for every ζ ∈ C where we have used on the right side that f˙ [ν] is actually a
derivation and not a function. 
The above Lemma motivates the following definition:
Definition 4.5. Consider ν ∈ T0BelS(CQ) = RenS . We define:
f˙ [In(ν)] := π∗n
(
f˙ [νn]
)
= (f˙ [νn] ◦ πn). (n πn−1n )
d
dπ1
for dπ1 = n π
n−1
n dπn.
See that f˙ [In(ν)] is continuous on the whole adelic sphere. Now we define f˙ [ν] as
the uniform limit of its periodic approximations just defined. The following Lemma
is Theorem 4.37 in [IT]:
Lemma 4.24. Consider a family of Beltrami coefficients {µ(t)} depending on a
real parameter t such that:
µ(t) = tη + o(t)
where η ∈ L∞(C). Then,
f˙ [η](ζ) = lim
t→0
fµ(t)(ζ)− ζ
t
exists for every ζ ∈ C and the convergence is locally uniform on C. Moreover,
f˙ [η](ζ) = − 1
π
∫ ∫
C
η(z)
ζ(ζ − 1)
z(z − 1)(z − ζ)dxdy
for every ζ ∈ C.
Lemma 4.25. Consider ν ∈ T0BelS(CQ) = RenS. There is a continuous deriva-
tion f˙ [ν] such that the sequence of continuous derivations (f˙ [Ini(ν)])i∈N converges
uniformly to it and (ni)i∈N = S.
Proof: Consider ν ∈ T0BelS(CQ) = RenS , the tangent space of the S-adelic
Beltrami differentials at zero. Recall formula (4.24). For every x ∈ S1Q and naturals
m,n such that m|n we have:
|f˙ [In(ν)] (x) − f˙ [Im(ν)] (x)|
= |f˙ [νn] (πn(x)) − f˙
[
(zn/m)∗νm
]
(πn(x))| . |n πn(x)n−1|
≤ n ||νn − (zn/m)∗νm||∞ C
= n ||In(ν) − Im(ν)||∞ C
where we used that |πn(x)| = 1 for every x ∈ S1Q and the constant C:
C =
1
π
max
ζ∈S1
|
∫ ∫
C
ζ(ζ − 1)
z(z − 1)(z − ζ) dxdy |
In particular, we have:
||f˙ [Ini(ν)]− f˙
[Ini−1(ν)] ||∞ ≤ ni ||Ini(ν)− Ini−1(ν)||∞ C
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Because the following renormalized average series converges:
(22)
∞∑
i=1
ni+1 ||Ini+1(µ) − Ini(µ)||∞ <∞
where S = (ni)i∈N is cofinal totally ordered divisibility subsystem under consid-
eration, the sequence (f˙ [Ini(ν)])i∈N is a Cauchy sequence in the complete space
of continuous derivations with the supremum norm. Then, there is a continuous
derivation f˙ [ν] such that the sequence (f˙ [In(ν)])n∈N converges uniformly to it
respect to the divisibility net. 
Remark 4.8. In particular we have the following property: There is a continuous
function g : CQ → C such that g(0) = 0 and
f˙ [η] (z) = g(z)
d
dπ1
for every z ∈ C∗Q. An analogous result holds for the whole adelic sphere. Although
the expression in corollary 4.26 below would be the natural definition of f˙ [ν], this
approach makes clear the continuity at zero of the map g previously defined that
otherwise would be difficult to prove.
Corollary 4.26. Consider η ∈ T0BelS(CQ) = RenS . Then,
ν∗(f˙ [η]) =
d
dt
(ν−1 ◦ f tη ◦ ν)
where ν is the baseleaf and the derivative is evaluated at zero.
Proof: Because BelS(CQ) is star shaped and open, there is some ǫ > 0 such
that f t η is defined for t ∈ [0, ǫ). The rest of the proof is a calculation. Because
everything converge uniformly on compacts we have:
ν∗(f˙ [η]) = lim
n
ν∗(f˙ [In(η)]) = lim
n
ν∗π∗n(f˙ [ηn])
= lim
n
ν∗π∗n
(
d
dt
f tηn
)
= lim
n
ν∗
(
d
dt
f tIn(η)
)
= lim
n
d
dt
(ν−1 ◦ f tIn(η) ◦ ν) = d
dt
lim
n
(ν−1 ◦ f tIn(η) ◦ ν)
=
d
dt
(ν−1 ◦ f tη ◦ ν)
where the derivatives are evaluated at zero. 
5. Teichmu¨ller space
5.1. Teichmu¨ller models. Model A: Define the compact HQ = π
−1
1 (D(0; 1)) ⊂
CQ and the set BelS(HQ) of S-adelic Beltrami differentials with support in HQ
where S is a cofinal totally ordered divisibility subsequence. See that the solenoid
S1Q is the boundary of HQ. For every µ ∈ BelS(HQ) define the extension:
µ˘(z) = µ(1/z¯)
( z¯
z
)2
for every z ∈ CQ such that π1(z) > 1. It is easy to see that µ˘ ∈ BelS(CQ) is actually
an S-adelic Beltrami differential. By theorem 4.19 there is a unique quasiconformal
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solution fµ to the µ˘-Beltrami equation fixing 0, 1,∞. Because µ˘ = (1/z¯)∗(µ˘) we
have that
fµ(1/z¯) =
1
fµ(z)
By remark 2.1, the solenoid S1Q and hence HQ are invariant under f
µ. Define the
following equivalence relation on BelS(HQ): µ ∼A η if fµ|S1
Q
= fη|S1
Q
. The universal
Teichmu¨ller space is defined as the quotient:
B : BelS(HQ)→ TS(1) = BelS(HQ)/ ∼A
with the quotient topology induced by (BelS(HQ), || · ||S). Although we have the
usual group structure µ ⋆ ν = η if fµ ◦ fν = fη, unfortunately the space BelS(HQ)
is not closed under this product.
The following Lemma shows the relation between this Teichmu¨ller space with the
Sullivan’s one [Su].
Proposition 5.1. We have a continuous canonical injective map:
TS(1) →֒ TSullivan(HQ)
Proof: In the same way as in the classical case, by Weyl’s Lemma every adelic
Beltrami differential defines a complex structure on every leaf of HQ and we have a
map ϑ : BelS(HQ)→ TSullivan(HQ). Because there is a bounded homotopy respect
to the hyperbolic metric between ϑ(µ) and ϑ(η) if and only if fµ|S1
Q
= fη|S1
Q
, there
is an injective map ̺ such that:
BelS(HQ)
B

ϑ
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
TS(1)
  ̺ // TSullivan(∆∗∞)
By the same reason as before and Corollary 4.22, ϑ is continuous for pointwise
convergence of continuous maps on a compact set (the solenoid S1Q in our case)
is actually uniform. In particular, if (µn)n∈N converges to µ in the Banach space
(BelS(CQ), || · ||S), then d(ϑ(µn), ϑ(µ)) tends to zero where d is the Teichmu¨ller
metric defined in [Su]. Because the topology of TS(1) is induced by the one in
BelS(HQ), we have that ̺ is continuous. 
Model B: This is the model of quasisolenoids fixing the unit . Define H∗Q =
π−11 (D(0; 1)
c
) ⊂ CQ. Now, for every µ ∈ BelS(HQ) consider the extension µ˘
of the differential to the whole plane such that µ˘ is zero on H∗Q. Consider the
quasiconformal solution fµ to the µ˘-Beltrami equation fixing 0, 1,∞. See that
fµ|H∗
Q
is univalent on every leaf. In fact, the application of the theory of univalent
functions in Teichmu¨ller theory is one of Bers great accomplishments.
Define the following equivalence relation on BelS(HQ): µ ∼B η if fµ|H∗
Q
= fη|H∗
Q
.
The universal Teichmu¨ller space is defined as the quotient:
TS(1) = BelS(HQ)/ ∼B
with the quotient topology induced by (BelS(HQ), || · ||S).
Lemma 5.2. Consider µ, η ∈ BelS(HQ). Then, fµ|S1
Q
= fη|S1
Q
if and only if
fµ|H∗
Q
= fη|H∗
Q
.
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Proof: (Modulo technicalities, the proof is almost verbatim as the one in [IT]).
Define the map g : CQ → CQ such that:
g(z) =
{
fµ ◦ (fη)−1(z) z ∈ HQ
z z ∈ H∗Q ∪ S1Q
The map g is clearly leaf preserving continuous. For every leaf νa, the map ν
−1
a ◦g◦νa
is explicitly given by:
ν−1a ◦ g ◦ νa(z) =
{
ν−1a ◦ fµ ◦ (fη)−1 ◦ νa(z) Im(z) > 0
z Im(z) ≤ 0
and by definition A it is quasiconformal and we have that g is quasiconformal. The
map (fµ)
−1 ◦ g ◦ fη is 1-quasiconformal and fixes 0, 1,∞ hence by remark 4.6 it is
the identity. Then, fµ|H∗
Q
= fη|H∗
Q
.
For the converse, by continuity fµ = fη onH
∗
Q∪S1Q and we have a 1-quasiconformal
map h = fµ ◦ (fµ)−1 ◦ fη ◦ (fη)−1 : HQ → HQ. By the same argument as before,
h = id and we have fµ|S1
Q
= fη|S1
Q
. 
Corollary 5.3. Teichmu¨ller space models A and B are homeomorphic.
Model C: Here we present the quasisymmetric model.
Definition 5.1. A leaf preserving homeomorphism f : S1Q → S1Q is quasisymmetric
if for every leaf νa the map fa = ν
−1
a ◦ f ◦ νa is quasisymmetric. Denote the space
of these quasisymmetric maps by QS(S1Q).
The following Lemma is the Beurling-Ahlfors Theorem [BA]:
Lemma 5.4. A real homeomorphism is quasisymmetric if and only if it admits a
quasiconformal extension to the upper half plane.
The next Lemma is the adelic analog.
Lemma 5.5. A map on the solenoid S1Q is quasisymmetric if and only if it admits
a quasiconformal extension to HQ.
Proof: Consider a quasisymmetric map f : S1Q → S1Q. By almost verbatim
Lemmas 2.13, 2.14 and Corollary 4.6, there are limit periodic functions ha : R→ R
such that fa(x) = ν
−1
a ◦ f ◦ νa(x) = x+ ha(x) and ha+1(x) = ha(x+1) where νa is
a leaf. Define wa : U → U such that:
(23) wa(x+ iy) =
1
2
∫ 1
0
dt [(1 + i)fa(x+ ty) + (1− i)fa(x− ty)]
Because every fa is quasisymmetric the map wa is quasiconformal for every leaf νa.
Claim: There is a homeomorphism wˆ of HQ such that wa = ν
−1
a ◦ wˆ ◦ νa for every
leaf νa.
A direct calculation shows that there are continuous limit periodic maps ga respect
to x such that wa(z) = z + ga(z) and ga+1(z) = ga(z + 2π). By Lemma 2.9
there is a continuous map w : Zˆ × U → Zˆ × U such that w(a, z) = (a, wa(z)) and
w(a+1, z) = w(a, z + 2π) + (1,−2π). By Lemma 2.7 we have a continuous map wˆ
such that the following diagram commutes:
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HQ − {0} wˆ // HQ − {0}
Zˆ× U w //
exp
OO
Zˆ× U
exp
OO
U
wa=id+ga //?

OO
U
?
OO
It rest to show that wˆ can be extended to a homeomorphism on HQ. Consider the
continuous extension to the boundary w : Zˆ×R× [0,+∞)→ Zˆ×R× [0,+∞) and
define w(+∞) = +∞. Define the following neighborhood basis at +∞:{
{+∞} ∪ Zˆ× R× (y,+∞) such that y ≥ 0
}
See that {+∞}∪ Zˆ×R× [0,+∞) with the above basis at +∞ is compact. Because
every w0 : R × [0,+∞) → R × [0,+∞) is a homeomorphism, for every y ≥ 0 the
preimage of the compact R× [0, y] is a compact set hence there is some y′ ≥ 0 such
that w0(R × (y′,+∞)) ⊂ R × (y,+∞). Because wn(z) = w0(z + 2πn) − 2πn
we have that wn(R × (y′,+∞)) ⊂ R × (y,+∞) for every integer and because
the sequence (wn)n ∈ N converges locally uniformly on horizontal bands respect
to the divisibility net, we have that wa(R × (y′,+∞)) ⊂ R × (y,+∞) for every
a ∈ Zˆ taking a bigger y′ if necessary; i.e. w is continuous at +∞. Then w is
a homeomorphism on {+∞} ∪ Zˆ × R × [0,+∞) for a continuous bijective map
between compact sets is a homeomorphism. Define exp(+∞) = 0. Is clear that
exp : {+∞} ∪ Zˆ× R× [0,+∞)→ HQ ∪ S1Q is continuous hence a homeomorphism
for the same reason as before. Because the following diagram commutes:
HQ ∪ S1Q wˆ // HQ ∪ S1Q
{+∞} ∪ Zˆ× R× [0,+∞) w //
exp
OO
{+∞}∪ Zˆ× R× [0,+∞)
exp
OO
the map wˆ is a homeomorphism. This proves the claim.
A complete analogous construction to the one before gives the commutative dia-
gram:
CˆQ
wˆ // CˆQ
{+∞,−∞}∪ Zˆ× C w //
exp
OO
{+∞,−∞} ∪ Zˆ× C
exp
OO
C
wa=id+ga //?

OO
C
?
OO
where the maps on the top square are homeomorphisms and every wa is quasi-
conformal. By equation (23) we have the relation wa(z¯) = wa(z) hence wˆ is a
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quasiconformal map fixing 0,∞ such that:
wˆ(1/z¯) =
1
wˆ(z)
In particular, the map ψ : TS(1)→ BelS(HQ) such that ψ(f) = µwˆ defines a section
of the proyection B: B ◦ ψ = id.
For the converse, consider a map f : S1Q → S1Q such that there is a quasiconformal
map wˆ : HQ → HQ with continuous extension f . Because wˆ is a leaf preserving
homeomorphism ofHQ then the continuous extension f is so and because ν
−1
a ◦wˆ◦νa
is quasiconformal then by Lemma 5.4 ν−1a ◦ f ◦ νa is quasisymmetric for every leaf
νa. 
Because the baseleaf ν is a morphism it defines leaf preserving left action ρ : RBL →
S1Q such that ρ(a)(x) = ν(a)x where a ∈ R and x ∈ S1Q. This action is the
translation along the leaves. By conjugation, it defines a left action on QS(S1Q)
such that a.f = ρ(a) ◦ f ◦ ρ(a)−1.
Consider a cofinal totally ordered divisibility subsequence S and the subspace
QSS(S
1
Q) of restrictions of quasiconformal solutions of S-adelic Beltrami differ-
entials. Define the Teichmu¨ller space TS(1) as the quotient:
TS(1) = QSS(S
1
Q)/RBL ≃ QSS(S1Q)1
where QSS(S
1
Q)1 denote those maps fixing the unit. By the previous Lemma we
have:
Corollary 5.6. Teichmu¨ller space models B and C are homeomorphic.
5.2. p-adic case. In the same way we defined the adelic (algebraic) solenoid we
define the p-adic one S1p (C
∗
p) as the inverse limit of the inverse system z
pn : S1 →
S1( zp
n
: C∗ → C∗). The main difference is that the Pontryagin dual of the p-adic
solenoid S1p is now the set of characters z
q such that q = m/pn for some integer m
and natural n. The fiber of S1p as a fiber bundle π1 : S
1
p → S1 is now the group of
p-adic integers Zp.
Remark 5.1. It is worth noting the following fact: Continuous real or complex
valued functions on the p-adic or adelic integers need not to be locally constant.
In fact:
• Consider the homeomorphism h between the 2-adic integers and the usual
cantor set such that:
h(a2a2a3 . . .) = 2 · 0.a1a2a3 . . .
where ai denote the 2-adic numerical figures on the left side and the right
side is the corresponding real number in basis three. Because the Cantor
set is a subset of the real line, we have a continuous not locally constant
function. In view of the Cantor set characterization, we have the same
example on any perfect, compact and totally disconnected space.
• The p-adic norm || · ||p on the p-adic integers is continuous and not locally
constant at zero.
• Actually, on any compact space X we have: A continuous function f : X →
R is locally constant if and only if its image is a finite set.
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A cofinal totally ordered divisibility subsystem can be seen as a path approaching
zero and in particular a direction through zero in Zˆ. We define the notion of
transversal directional derivative:
Definition 5.2. Consider a cofinal totally ordered divisibility subsystem S. Recall
the left action m : Zp → Aut(C∗p) such that ma(x) = φ(a)x. We say that µ ∈
L∞(C
∗
p) has transversal directional derivative dµ/dZp|S in the direction S if the
following limit exists:
dµ
dZp
∣∣∣
S
= lim
a→0
a∈S
µ ◦ma − µ
||a||p ∈ L∞(C
∗
Q)
As an example, consider the p-adic integers Zp with its p-adic norm || · ||p. By
definition, the p-adic norm is continuous on this space. Let’s see that it has a
directional derivative at every point. If x 6= 0 then there is some natural number N
such that a ∈ NZp imply ||x+a||p = ||x||p hence its derivative is zero at x. However,
its directional derivative at zero is one for every direction. We have proved that
the derivative exists and equals the delta Kronecker:
d ||x||p
dx
= δ0x
Lemma 5.7. Consider an adelic Beltrami differential µ ∈ L∞(C∗p) such that there
is a converging S-renormalized average series. Then and dµ/dZp exists along the
direction determined by S and it is zero; i.e:
dµ
dZp
∣∣∣
S
= 0
Proof: There is a subsequence (nj)j∈N of (p
n)n∈N such that (8) holds. In par-
ticular, the non-renormalized average series converges:
∞∑
j=1
||Inj+1(µ)− Inj (µ)||∞ <∞
and because of Lemma 3.2 we have:
µ = In1(µ) +
+∞∑
j=1
(Inj+1 (µ)− Inj (µ))
Recall that ma(x) = φ(a)x and φ(a) ∈ Ker(πn) imply πn(φ(a)x) = πn(x) for πn
is a group morphism. Because φ(a) ∈ Ker(πn) if and only if a ∈ nZp, we have
that π−1n (πn(x)) is invariant under the action ma such that a ∈ nZp. In particular,
because the measure is invariant under ma, we have that In(µ ◦ma) = In(µ) for
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every a ∈ nZp. Then,
lim
J
nJ ||µ ◦mnJ − µ||∞
= lim
J
nJ ||
+∞∑
j=J
(Inj+1(µ ◦mnJ )− Inj (µ ◦mnJ ))−
+∞∑
j=J
(Inj+1(µ)− Inj (µ))||∞
≤ 2 lim
J
nJ
+∞∑
j=J
||Inj+1(µ)− Inj (µ)||∞
≤ 2 lim
J
+∞∑
j=J
nj+1||Inj+1(µ)− Inj (µ)||∞ = 0
Finally we have:
dµ
dZp
∣∣∣
S
= lim
J
µ ◦mnJ − µ
||nJ ||p = limJ nJ(µ ◦mnJ − µ) = 0

In what follows, we will take the sequence P = (pn)n∈N0 .
Lemma 5.8. (RenP , || · ||P ) is a Banach algebra.
Proof: To alleviate notation, in the proof we will make the following abuse of
notation: || · ||P = || · ||P and In = Ipn . By Proposition 4.8 (RenP , || · ||P) is a
Banach space and it rest to proof that
||fg||P ≤ ||f ||P ||g||P
for every f, g ∈ RenP . Denote I−1 = 0. In the p-adic case we have the graded
algebra:
TLC =
⊕
j∈N0
Aj
such that A0 = TLC0 and Aj = TLCj − TLCj−1 where TLCj := π∗j (L∞(C)).
Moreover, for every f ∈ TLC we have:
f =
∑
n∈N0
(In(f)− In−1(f))
where only a finite amount of terms in the sum are zero and every one of them
satisfy the property:
In(f)− In−1(f) ∈ An
for every natural n ∈ N0. Consider f, g ∈ TLC. Then fg ∈ TLC and by the
argument above we have:
In(fg)− In−1(fg) =
∑
a+b=n
a,b≥0
(Ia(f)− Ia−1(f)) (Ib(g)− Ib−1(g))
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Then,
||fg||P =
∑
n∈N0
pn||In(fg)− In−1(fg)||∞
≤
∑
n∈N0
pn
∑
a+b=n
a,b≥0
||Ia(f)− Ia−1(f)||∞||Ib(g)− Ib−1(g)||∞
=
(∑
n∈N0
pn||In(f)− In−1(f)||∞
)( ∑
m∈N0
pm||Im(g)− Im−1(g)||∞
)
= ||f ||P ||g||P
By Lemma 4.7, TLC is dense in (RenP , || · ||P) and we have the result. 
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